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Encoding quantum information in continuous variables is intrinsically faulty. Nevertheless, re-
dundant qubits can be used for error correction, as proposed by Gottesman, Kitaev and Preskill in
Phys. Rev. A 64 012310, (2001). We show how to experimentally implement this encoding using
time-frequency continuous degrees of freedom of photon pairs produced by spontaneous parametric
down conversion. We experimentally illustrate our results using an integrated AlGaAs photon pairs
source. We show how single qubit gates can be implemented and finally propose a theoretical scheme
for correcting errors in a circuit-like and in a measurement-based architecture.
I. INTRODUCTION
Quantum information can be encoded in qubits corre-
sponding to discrete quantum states of physical systems,
such as atomic electronic states or the polarization of
single photons. The essence of quantum computation
(QC) is to manipulate qubits with a universal set of uni-
tary quantum gates [1, 2]. A fundamental ingredient for
QC, inherited from classical computation, is error cor-
rection. In the realm of quantum computing, quantum
error correction (QEC) [3, 4] fights against a fundamental
aspect of quantum systems: their fragility to keep quan-
tum properties at large scale and for a long time that,
usually, depends on the size of the system. Ingenious
solutions to this problem consist in encoding a qubit of
information in particular states composed of more than
one physical qubit. The resulting logical qubits enabling
QEC depend on the type of errors that are more likely
to affect the system. For instance, a code that corrects
for qubit flips, dephasing and all the errors composed by
the combination of these ones involves the creation of a
complex 5-qubit entangled state whose symmetries en-
able the detection and correction of the mentioned errors
[5].
If one considers harmonic oscillators or analogous sys-
tems, as for instance two quadratures of the electromag-
netic field, encoding quantum information in continuous
variable (CV) is in principle possible using any two or-
thogonal states of a given quadrature [6]. However, such
states are non-physical, and the closest one can get to
them is by considering squeezed states [7], which are sub
shot-noise states. As a matter of fact, squeezed states
can be considered as noisy quadrature eigenstates, where
noise is modeled by a product between displacements in
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phase space and a Gaussian function representing the
amplitude of probability distribution of displacements.
Physical states described by continuous variables are thus
intrinsically noisy and, within this picture, displacements
in phase space are the main source of noise for such en-
coding. Moreover, since all physical states are noisy, er-
rors propagate throughout quantum operations and must
be corrected regularly. This picture is particularly suit-
able to a number of relevant physical systems, as the
quantum state produced by optical parametric oscilla-
tors (OPO) [8–10] and continuous degrees of freedom of
photon pairs, as it is discussed in the present manuscript.
The problem of correction from displacement errors was
considered by Gottesman, Kitaev and Preskill (GKP),
who introduced what we refer now on as GKP states
[11], which are qubits defined in CV displaying a peri-
odic structure.
In spite of the importance of GKP states in quan-
tum information with CV [12–14], their experimental
engineering remains extremely difficult in quantum
optics [15–17]. They correspond to highly non-Gaussian
states composed of the coherent superposition of several
delocalized states. The engineering of non-Gaussian
states using OPOs is still challenging, and even if some
experiments have demonstrated it [18–20] they involve
single photons addition and/or subtraction through
post-selection. As a consequence, one of the major
advantages of using such systems, determinacy, is lost.
Also, the generated non-Gaussian states are still far
from the physical GKP states. Recently, such states
have been produced using the motional states of one
trapped ion [21], in superconducting qubits [22], and for
others platforms [23–25] have been developed.
In the present manuscript, we show that biphoton
frequency combs produced by intracavity Spontaneous
Parametric Down Conversion (SPDC) can be used to ex-
perimentally generate, manipulate and detect grid states
encoded in time (t) and frequency (ω). We propose a
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2method to implement a fundamental operation of quan-
tum error correction. Our results rely on the analogy be-
tween quantum states composed of many photons in one
mode of the electromagnetic field and one photon that
can occupy a continuum of frequency modes, which is the
continuous degree of freedom we consider here. We show
that the time-frequency phase space at the single pho-
ton level has the same non-commutative structure than
the usual quadrature position-momentum phase space.
Our results are experimentally illustrated using an Al-
GaAs nonlinear cavity producing photon pairs by SPDC
at room temperature and telecom wavelengths and com-
pliant with electrical injection [26]. The proposed scheme
is not specific to the considered platform and it could be
implemented with other quantum-optical setups, such as
those in [27, 28].
This paper is organised as follows. We start in Sec.
II by describing the properties of the time-frequency
phase space of a single photon and describe its quan-
tum structure and properties. We use these results to
properly introduce the Chronocyclic Wigner distribution.
In Sec. III, we define the time-frequency GKP states,
or more generally the time-frequency grid states [29],
which are fully analogous to the ones made from position-
momentum quadrature states [11]. Following the formal-
ism developed, we mathematically introduce the 2D time-
frequency GKP state. In Sec. IV A, we present an experi-
mental implementation of our results in a chip-integrated
source consisting of a AlGaAs Bragg reflector waveguide
generating a 2D time-frequency grid state and in Sec.
IV B how such states can be used for correcting time-
frequency shift errors. This state can be experimentally
manipulated and characterised using HOM interferome-
try, as shown in Sec. IV C. Finally in Sec. IV D, we theo-
retically propose a simple experimental scheme based on
photon detection to implement quantum error correction
for time-frequency GKP states.
II. TIME-FREQUENCY PHASE SPACE OF A
SINGLE PHOTON
In this section, we introduce the time-frequency phase
space of a single photon, following the construction of the
usual non-relativistic phase space in quadrature position-
momentum variable.
A. Time-frequency phase space description
In order to fix the notation, the photon creation oper-
ator at frequency ω acts on the vacuum |0〉 as:
aˆ†(ω) |0〉 = |1ω〉 = |ω〉 , (1)
We thus have that |1ω〉 and |ω〉 are equivalent nota-
tions for a single photon at frequency ω. In the present
manuscript, we will be mostly interested in the single
photon subspace we will use the simplified notation |ω〉.
We can also define an annihilation operator fore the mode
ω as aˆ(ω) |ω〉 = |0〉. If we consider only the frequency de-
gree of freedom, the creation and annihilation operators
obey the bosonic commutation relation:
[aˆ(ω), aˆ†(ω′)] = δ(ω − ω′)I, (2)
where I is the identity operator. Analogously, we define
the creation operator for a single photon at time t, aˆ†(t),
where t is the time interval elapsed from the photon’s
creation at the source and its arrival at the detector. The
creation operator aˆ†(t) can be obtained from a Fourier
transform of aˆ†(ω):
aˆ†(t) =
1√
2pi
∫
R
dωeiωtaˆ†(ω). (3)
And we have that: |t〉 = |1t〉 = aˆ†(t) |0〉 =
1√
2pi
∫
R dωe
iωt |ω〉.
Since {|ω〉} is an orthogonal basis, we can expand a
pure single photon state |Ψ〉 in this basis:
|Ψ〉 =
∫
R
S(ω)dω |ω〉 , (4)
where S(ω) is the amplitude spectrum of the single pho-
ton, with the normalization condition
∫
R
|S(ω)|2dω = 1.
We also consider single photons with a temporal struc-
ture, described by the state:
|Ψ〉 =
∫
R
S˜(t)dt |t〉 . (5)
where S˜(t) is the Fourier transform of the amplitude
spectrum S(ω) of the source. Free space propagation
for a time t leads to the evolution of the creation opera-
tor: aˆ†t(ω) = e
−iωtaˆ†(ω), and the wave function at time
t reads:
|Ψ(t)〉 =
∫
R
S(ω)e−iωtdω |ω〉 . (6)
Rigorously, the integration range in Eq. (6) and Eq. (4)
should be R+. We have extended it to R as we con-
sider experiments where the amplitude spectrum fulfills
S(ω ≤ 0) = 0. In the experimental setup we implement
in this paper, S(ω) is typically non-zero only in the tele-
com wavelength.
We now define the time-frequency Wigner distribution.
The Wigner distribution in phase space can be seen as the
expectation value of the parity operator [30] or, equiva-
lently, as the inverse Fourier transform of a characteristic
function. The latter is constructed using a symmetric or-
dering of bosonic operators. We will proceed analogously,
by introducing the displacement frequency mode opera-
tor in the single photon subspace.
1. Frequency-time Wigner distribution for a single photon
Using the previously introduced bosonic operators, we
can define the displacement mode operator in frequency
3as:
Dˆ(µ) =
∫
aˆ†(ω + µ)aˆ(ω)dω, (7)
Analogously, for the displacement in time we can write
Dˆ(τ) =
∫
aˆ†(t+ τ)aˆ(t)dt, (8)
As for Eq. (6), we have extended the range of integration
from R+ to R. Indeed, for the envisaged application, µ
will be small enough so that the resulting displaced state
amplitude spectrum S(ω) will have its support in R+.
We have that Dˆ(µ) |ω〉 = |ω + µ〉 and Dˆ(µ) |t〉 = eiµt |t〉.
As in the usual phase space case, displacement opera-
tors do not commute, and we obtain the Weyl relation,
Dˆ(µ)Dˆ(τ) = eiµτ Dˆ(τ)Dˆ(µ). (9)
Using the commutation relations, in analogy to the
quadrature position-momentum phase space case, we can
identify different possible orderings of the operators: the
normal order Dˆn(µ, τ) = Dˆ(µ)Dˆ(τ), the anti-normal or-
der Dˆan(µ, τ) = Dˆ(τ)Dˆ(µ) and the symmetric order,
Dˆs(µ, τ) = Dˆ(µ)Dˆ(τ)e−iτµ/2. The unitary displacement
operators Dˆξ, irrespectively of the ordering, ξ = s, an, n,
obey the following orthogonality relation:
Tr[Dˆ†ξ(µ, τ)Dˆξ(µ
′, τ ′)] = δ(τ ′ − τ)δ(µ′ − µ), (10)
and the completeness relation:∫∫
dµdτDˆξ(µ, τ)Dˆ
†
ξ(µ, τ) = I. (11)
Using Eq. (10) and Eq. (11) we can expand all Hermitian
matrices in this orthogonal basis, thus the density matrix
reads:
ρˆ =
∫∫
χρ,ξ(µ, τ)Dˆξ(µ, τ)dµdτ. (12)
The coordinate function χρ,ξ(µ, τ) = Tr(ρˆDˆ
†
ξ(µ, τ)) is
called the characteristic function, and it can be normal,
anti-normal or symmetric depending on the ordering of
the displacement operator. The Fourier transform of the
characteristic function leads to a quasi-probability distri-
bution. In particular, using the symmetric characteristic
distribution, one can obtain the chronocyclic Wigner dis-
tribution,
W (ω, t) =
1√
2pi
∫
dω′e2iω
′t 〈ω − ω′| ρˆ |ω + ω′〉 . (13)
The chronocyclic Wigner distribution gives the same in-
formation than the associated density matrix, following
the completeness property. This distribution is also nor-
malised:
∫∫
dtdωW (ω, t) = Tr(ρˆ) = 1. In the case of
a pure state ρˆ = |ψ〉 〈ψ| characterised by its amplitude
spectrum S(ω) Eq. (4), the chronocylic Wigner distribu-
tion can be written as:
W (ω, t) =
1√
2pi
∫
dω′e2iω
′tS(ω − ω′)S∗(ω + ω′). (14)
The marginals of the Wigner distribution lead to different
physically measurable quantities such as the spectrum of
the source: ∫
W (ω, t)dt = |S(ω)|2, (15)
and the distribution of the arrival time of the photon of
the source (using a fixed origin of time):∫
W (ω, t)dω =
∣∣∣S˜(t)∣∣∣2. (16)
We can also see the chronocyclic Wigner distribution here
as the expectation value of the displaced parity operator
by applying the same methods as in [30] using the sym-
metric displacement operator Dˆs:
W (ω, t) = Tr(ρˆDˆs(ω, t)ΠˆDˆ
†
s(ω, t)), (17)
where Πˆ is the parity operator which acts on a frequency
state as Πˆ |ω〉 = |−ω〉. Consequently, measuring the
chronocyclic Wigner distribution at the origin is a
measurement of the average value of the parity operator.
Finally, it can be shown that the chronocyclic Wigner
distribution obeys the Stratonovich-Weyl rules [31, 32].
Owing to the non-commutativity of the bosonic oper-
ator Eq. (2) and, consequently, the non-commutativity
of the displacement operators (see Eq. (9)), the time-
frequency phase space of a single photon is non-
commutative, as the quadrature position-momentum
phase space. It leads to the analogy between one sin-
gle photon in many frequency modes and many photons
in one frequency mode.
The introduced Wigner distribution can be generalized
to the situation where more than one photon occupy dif-
ferent frequency modes. We will describe in details the
two photon case in the next section.
2. Wigner distribution of two photons and associated
marginals
For a two photon state, the wave function can be writ-
ten as:
|ψ〉 =
∫∫
dωsdωiJSA(ωs, ωi) |ωs, ωi〉 , (18)
where the JSA denotes the Joint Spectral Amplitude and
ωs(ωi) is the frequency of the signal (idler) photon. The
4Wigner distribution of a pure state |ψ〉 is:
W (ωs, ωi, ts, ti) =
∫∫
dω′dω′′e2iω
′tse2iω
′′ti
〈ωs − ω′, ωi − ω′′|ψ〉 〈ψ|ωs + ω′, ωi + ω′′〉 , (19)
with marginals:∫∫
W (ωs, ωi, ts, ti)dtsdti = JSI(ωs, ωi), (20)
where JSI(ωs, ωi) = |JSA(ωs, ωi)|2 is the Joint Spectral
Intensity. We also have∫∫
W (ωs, ωi, ts, ti)dωsdωi = JTI(ts, ti), (21)
where JTI is the Joint Temporal Intensity, which is the
probability to measure a photon at an arrival time ts
in one detector and a photon at an arrival time ti in
another detector. We can also define two other “crossed”
marginals: the probability to detect one photon at the
arrival time ts (resp. ti) and the other at the frequency
ωi (resp. ωs). The measurement of the four marginals
and the reconstruction of the JSA has been performed
in [34], however this technique cannot be applied to all
optical systems and depend on the spectral width of the
considered JSA.
In the next section, we use the formalism presented
here to analyse the phase space distribution and repre-
sentation for some relevant quantum states. As a first
example, we will describe coherent-like state in time-
frequency variables. Then, we will address grid and GKP
state formed with single and two-photons.
III. TIME-FREQUENCY GRID STATES
Before introducing grid states, we describe coherent-
like states in time-frequency phase space.
A. Coherent-like state in time-frequency variables
We define the coherent-like state |α〉 in time-frequency
variable as a single photon state with a Gaussian ampli-
tude spectrum:
|α〉 =
∫
dωe−(ω−ω1)
2/(2∆ω2)eiωτ |ω〉 (22)
where Re(α) = ω1∆ω and Im(α) = τ are two parameters
representing the average value of the chronocyclic Wigner
distribution and ∆ω is the spectral width of the Gaussian
spectrum. As in the usual phase-space representation,
the coherent-like state also forms an overcomplete basis.
B. Grid states
We now use the formalism developed in the previous
section to introduce the time-frequency grid state and,
more specifically, the time-frequency GKP state. We
also show their application for time-frequency quantum
error correction.
Grid states were first defined using quadrature
position-momentum continuous variables [11, 35] and
correspond to a two dimensional lattice in phase space
where the area of the unit cell is a multiple of 2pi. Time-
frequency grid states also verify the following property:
they are periodic structures formed by the superposi-
tion of many modes of single photon. Such states are
mathematically equivalent to the quadrature position-
momentum ones due to the non-commutative algebra of
the time-frequency displacement operators.
More precisely, the time-frequency grid state is defined
as a common eigenstate with the eigenvalue +1 of the two
commuting operators Dˆ(ω) and Dˆ(t) when the product
of the two parameters verify ωt = 0 mod 2pi. This prop-
erty allows to measure both the time and the frequency
modulo 2pi. The wave function of a general grid state can
be written as:
|ψ〉 =
∑
n∈Z
∣∣∣nα√2pi〉
ω
, (23)
where α is an integer. The +1 eigenspace of the displace-
ment operators is two dimensional and allows to define
a qubit. It is developed in more details in the following
paragraph.
C. Frequency-time GKP state
1. Definition and notation
We start by providing the general framework to define
single photon GKP states with many frequency modes.
The two possible states of the qubit are the eigenstates
of the displacement operators Dˆ(2ω), Dˆ( 2pi2ω ), also called
the stabilizer of the code (see Fig.1):
∣∣0〉
ω
=
∑
n∈Z
∣∣∣ωp
2
+ 2nω
〉
, (24)
∣∣1〉
ω
=
∑
n∈Z
∣∣∣ωp
2
+ (2n+ 1)ω
〉
. (25)
In the above, 2ω is the periodicity of the state and ωp/2
is a constant that will be later associated to a physical
parameter. These states are called frequency-time square
GKP states, because their frequency-time phase space
representation is squared [36]. For simplicity, we will call
them simply time-frequency GKP states.
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FIG. 1: Frequency-time GKP state in the frequency and time
basis.
Alternatively, as we show in Fig. 1, we can use the time
representation of the GKP states (up to normalization):
∣∣0〉
ω
= τrt
∑
n∈Z
ei
ωp
2
nτrt
2
∣∣∣nτrt
2
〉
= |+〉t , (26)
∣∣1〉
ω
= τrt
∑
n∈Z
ei
ωp
2
nτrt
2 (−1)n
∣∣∣nτrt
2
〉
= |−〉t , (27)
where τrt =
2pi
ω . Here we have used that∑
n∈Z e
2inpit/τrt = τrt
∑
n∈Z δ(t − nτrt). If we have the
equality exp(i
ωp
2
nτrt
2 ) = 1, which corresponds to the con-
dition that ωp is a multiple of ω, we can define a qubit. It
will be the case in the experimental configuration speci-
fied in the next section. For the sake of simplicity, we will
now set ωp = 0. The
∣∣0〉
t
,
∣∣1〉
t
logical time GKP state
(the eigenstates of the stabilizer Dˆ(τrt) are then (up to
normalization):
∣∣0〉
t
= τrt
∑
n∈Z
∣∣∣∣2nτrt2
〉
= |+〉ω ,
∣∣1〉
t
= τrt
∑
n∈Z
∣∣∣∣ (2n+ 1)τrt2
〉
= |−〉ω ,
(28)
where we have introduced |±〉t = 1√2 (
∣∣0〉
t
± ∣∣1〉
t
) and
analogously for |+〉ω.
The frequency-time phase space representation of the
frequency-time GKP state is analogous to the GKP state
in the (x, p) phase plane [11]. The wave function of the
coherent superposition |+〉ω, with the amplitude spec-
trum S(ω) =
∑
n∈Z 〈ω|nω〉 =
∑
n∈Z δ(ω − nω) has the
following chronocyclic Wigner distribution:
W (ω, t) =
∫
R
dω′e2iω
′tS(ω − ω′)S∗(ω + ω′)
=
∑
n,m∈Z2
(−1)nmδ(t− pi
ω
n)δ(ω − ωp
2
− ω
2
m). (29)
This shows that the chronocyclic Wigner distribution
is negative when n,m are both odd. Also, such states are
not physical since we are summing over an infinite num-
ber of perfectly well defined frequency (or time) modes.
2. Physical frequency-time GKP state
In this section, we will see how to formally describe
physical (intrinsically noisy) GKP states and how to
physically interpret their number of peaks and the uncer-
tainty of each mode. For that, we apply the formalism
introduced in [37].
Physical GKP states are constructed by applying a
Kraus operator ξˆ to the ideal GKP state:
∣∣0˜〉
ω
= ξˆ
∣∣0〉
ω
=
∫∫
dωdtξ(ω, t)Dˆ(t)Dˆ(ω) ∣∣0〉
ω
. (30)
If we suppose that frequency and time noise are un-
correlated Gaussian distribution, we have that: ξ(ω, t) =
Gδω(ω)Gκ(t) = e
−ω2/2δω2e−t
2/2κ2 . The physical inter-
pretation of these two Gaussian noises becomes clearer
after performing the time integral in Eq. (30), which
leads to: ∣∣0˜〉
ω
=
∑
n∈Z
∫
T2n(ω)e
−ω2κ2/2 |ω〉dω, (31)
with Tn(ω) = exp(−(ω − nω)2/(2δω2)). Time noise cre-
ates an envelope, limiting the number of relevant fre-
quency modes while frequency noise introduces an in-
trinsic width to each peak. Alternatively, we can con-
struct the physical GKP state by permuting the time
and frequency displacement operators. Since they are
non-commuting operators, the state obtained by this pro-
cedure is not the same as Eq. (31).
The physical origin of the finite width of the time and
frequency distribution are errors that can be due to the
propagation of single photons in a dispersive medium, as
an optical fiber. They can also be related to time and
frequency uncertainties inherent to the state preparation
process, as is the case of the set-up presented in Sec. IV.
D. 2D entangled time-frequency GKP state: some
useful mathematical tools
We now move to the two-qubit case and show how
two GKP states can be entangled in time and frequency
6degrees of freedom. We start by considering an ideal sep-
arable two photon state, a two dimensional GKP state,
that can be written as:
|+〉ωs |+〉ωi =
1
2
(
∣∣0〉
ωs
∣∣0〉
ωi
+
∣∣0〉
ωs
∣∣1〉
ωi
+
∣∣1〉
ωs
∣∣0〉
ωi
+
∣∣1〉
ωs
∣∣1〉
ωi
), (32)
As in the one qubit case, physical qubits can be con-
structed from (32) using the noise model introduced pre-
viously, based on the application of Kraus operators:
∣∣+˜〉
ωs
∣∣+˜〉
ωi
=
∫∫
dtdt′Dˆs(t)Dˆi(t′)G1/∆ωp(t)G1/∆ω−(t′)
×
∫∫
Dˆs(ω)Dˆi(ω
′)Gδωs(ω)Gδωi(ω
′)dωdω′ |+〉ωs |+〉ωi .
(33)
The functions Gα(x) are gaussians of width α corre-
sponding to the noise distribution on variables x. Fre-
quency (or time) entanglement can be created by the
application of a symmetric CNOT operator Cˆ ′ that per-
forms the following operation:
Cˆ ′ |ts, ti〉 = |ts + ti〉 |ts − ti〉 . (34)
Equivalently, Cˆ ′ |ω, ω′〉 =
∣∣∣ω+ω′2 , ω−ω′2 〉. This gate oper-
ates in an analogous way to a balanced beam-splitter that
acts on the frequency or time degree of freedom instead
of the field’s quadratures.
The entangling gate Cˆ ′ tranforms displacement oper-
ators as follows:
Cˆ ′Dˆs(t)Dˆi(t′)Cˆ ′−1 = Dˆs
(
t+ t′
2
)
Dˆi
(
t− t′
2
)
. (35)
Using these definitions, we can now interpret the state
produced from a by a nonlinear cavity producing photon
pairs via SPDC in terms of GKP states and study its
application to measurement based error correction.
IV. PRODUCTION AND MANIPULATION OF
TIME-FREQUENCY GRID STATE
We are now ready to apply the previous definitions
to describe the spectrum of a photon pair generated by
SPDC in a nonlinear optical cavity. We will focus on
a specific platform in order to perform both a detailed
numerical study and the experimental illustration of our
results.
A. Presentation of the integrated device for the
generation of time-frequency GKP state
The device we consider here consists of an AlGaAs
Bragg reflector waveguide emitting pairs of orthogonally
polarised photons in the telecom band by type II SPDC.
The working principle of the device is sketched in Fig.2
(a) [38]. The device is pumped with a continuous wave
laser at λp = 765 nm having a linewidth ∆ωp = 2pi×100
kHz, much smaller than the phase matching bandwidth
and the free spectral range. This leads to the generation
of strongly anticorrelated photon pairs over a spectral
band of 2pi×10.9 THz centered around the frequency de-
generacy as shown in the numerical simulations reported
in Fig.2 (b). Moreover, the refractive index contrast be-
tween the semiconductor non-linear medium and the air
induces a Fabry-Perot effect resulting in a built-in cav-
ity. The free spectral range of the cavity is ω = 2pi×19.2
GHz, yielding a comb like spectrum with approximatively
570 peaks. Fig.2 (c) shows the measurement of a portion
of the Joint Spectral Intensity via Stimulated Emission
Tomography [39] evidencing a frequency comb structure.
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FIG. 2: (a) A pump beam illuminates an AlGaAs waveguide
where photon pairs are generated by SPDC. The refractive in-
dex contrast between AlGaAs and air creates a cavity around
the nonlinear medium, as the waveguide’s facets play the role
of mirrors. (b) Simulated JSI of the state emitted by the non-
linear cavity, using the nominal structure of the device. (c)
Experimental JSI (detail).
The generated two-photon state can be written as :
|ψ〉 =
∫∫
dωsdωiJSA(ωs, ωi) |ωs〉 |ωi〉 , (36)
where the JSA is the product of four terms:
JSA(ωs, ωi) = f+(ω+)f−(ω−)fcav(ωs)fcav(ωi). (37)
We have defind ω± = ωs±ωi2 .The function f+ is related
to the conservation of the energy, while f− is related to
the phase matching condition. Both functions can be
modeled as Gaussian functions. The effect of the cavity
on each mode (signal and idler), is taken into account by
the cavity functions fcav(ωs(i)) that act as an imperfect
7frequency filter. We will assume that the cavity function
is a sum of Gaussians, which is a good approximation in
the limit of a high finesse cavity:
fcav(ω) =
∑
n∈Z
Tn(ω), (38)
where again Tn(ω) = exp(−(ω − nω)2/(2δω2)). The fre-
quency width δω depends on the finesse of the cavity.
For a high finesse cavity, we have ω  δω, and the two
photon state can be written as:
|ψ〉 =
∑
n,m
∫∫
dωsdωif+(ω+)f−(ω−)Tn(ωs)Tm(ωi) |ωs〉 |ωi〉 .
(39)
The resulting state is analogous to a grid state because
of the cavity functions. We can identify
∑
n,m
∫∫
dωsdωiTn(ωs)Tm(ωi) |ωs〉 |ωi〉 = (40)∫∫
Dˆs(ω)Dˆi(ω
′)Gδω(ω)Gδω(ω′)dωdω′ |+〉ωs |+〉ωi ,
which, as mentioned before, represents GKP states af-
fected by frequency noise. Completing the description
of state (39) requires considering also time displacement
operators representing noise in the time variables as fol-
lows:
|ψ〉 =
∫∫
Dˆs
(
t+ t′
2
)
Dˆi
(
t− t′
2
)
G1/∆ωp(t)G1/∆ω−(t
′)dtdt′
×
∫∫
Dˆs(ω)Dˆi(ω
′)Gδω(ω)Gδω(ω
′)dωdω′ |+〉ωs |+〉ωi . (41)
In this expression, we considered the possibility of having
different widths in the time noise distribution, given by
∆ω− and ∆ωp. Indeed such widths are related to the
phase matching condition and to energy conservation,
respectively, creating envelopes in the axis ω− and ω+,
limiting the dimension of the produced grid.
Applying the displacement operators in (41) leads to:
|ψ〉 =
∫∫
dtdt′dωdω′G1/∆ωp(t)G1/∆ω−(t
′)Gδω(ω)Gδω(ω
′)
×
∑
n,m
ei(nω+ω)
(t+t′)
2 ei(mω+ω
′) (t−t
′)
2 |nω + ω〉 ∣∣mω + ω′〉 ,
(42)
and, by integrating over time and performing a change
of variable, we obtain:
|ψ〉 =
∑
n,m∈Z2
∫∫
dωsdωiG∆ωp(ω+)G∆ω−(ω−)
× Tn(ωs)Tm(ωi) |ωs〉 |ωi〉 , (43)
which has exactly the same form as Eq. (36) and Eq.
(39), justifying the interpretation in terms of GKP states
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FIG. 3: Numerical simulation of the Joint Spectral Inten-
sity for a two photon source in an optical cavity with arbi-
trary units. The size of the ellipse is delimited by the energy
conservation (with a frequency width 1/∆ωp) and the phase
matching condition (with a frequency width of 1/∆ω−). The
center of the ellipse corresponds to the frequency degeneracy.
Here the state is said to be anti-correlated since ∆ω− > ∆ωp.
as depicted in Fig. 3. On Fig. 4, we recap in a quantum
circuit representation all the time-frequency gates which
act on the initial ideal GKP state.
The states described by Eq. (43) are a noisy fre-
quency entangled states, displaying an elliptical JSI in
the in the (ω+, ω−) basis. The ellipticity R of the JSI
determines how entangled the state is. It is defined as
R =
1/∆ω2−−1/∆ω2p
1/∆ω2−+1/∆ω2p
, and the time noise in axis ω− and
ω+ plays a role in the correlation/anti-correlation of the
photons. A state with an arbitrary positive ellipticity is
represented on the numerical simulation Fig. 3. Note
that such biphoton state can be produced with an inte-
grated chip in a transverse pump configuration [39, 40].
Thus, we can define |ψ〉 = ˜|+¯〉 |+¯〉, since state |ψ〉 can be
interpreted as two GKP states entangled by noise.
It is interesting to notice that in the case where
G∆ωp(ω+) = δ(ω+) and ω/δω  1, we can approxi-
mate |ψ〉 = ˜|+¯〉 |+¯〉 ' Cˆ ′ ∣∣+˜〉 ∣∣+˜〉 where we used Eq.
(33) and (34). In this case, |ψ〉 is anti-correlated, and
∆ωp  ∆ω−. The JSI is shown in Fig. 2(b) and it is
close to a line along the ω− direction. We thus have that
JSA(ωs, ωi) ' δ(ω+−ωp)f−(ω−)fcav(ωs)fcav(ωi) and in-
8tegration over ω+ in Eq. (39) leads to :
|ψ〉 =
∫
dω−f−(ω−)fcav
(
ωp + ω−
2
)
fcav
(
ωp − ω−
2
)
×
∣∣∣∣ωp + ω−2 , ωp − ω−2
〉
. (44)
and this state is the one produced experimentally whose
JSI is represented on Fig. 2.
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Cˆ 0
<latexit sha1_base64="fDSU6bQYa JE5/OF2FSxcUwR9NhM=">AAAC83icjVLLSsNAFD2Nr1pfVZdugkV0VRIRdFn sxmUF+4BWJEmn7dC8yEyEUvoTbutK3PpB/oHiT3hnTEEtPiYkOXPuPXfmzB03 9rmQlvWcMxYWl5ZX8quFtfWNza3i9k5DRGnisboX+VHSch3BfB6yuuTSZ604 YU7g+qzpDqsq3rxlieBReCVHMbsOnH7Ie9xzJFGtzsCR4+rk8KZYssqWHuY8s DNQQjZqUfENHXQRwUOKAAwhJGEfDgQ9bdiwEBN3jTFxCSGu4wwTFEibUhajD IfYIX37NGtnbEhzVVNotUer+PQmpDRxQJqI8hLCajVTx1NdWbE/1R7rmmpvI/ q7Wa2AWIkBsX/pZpn/1SkvEj2caQ+cPMWaUe68rEqqT0Xt3PzkSlKFmDiFux RPCHtaOTtnU2uE9q7O1tHxF52pWDX3stwUr7+6i8nFiCKqOwITugj297bPg8Z x2SZ8eVKqnGdXIo897OOI+n6KCi5QQ133+w5T3BupMTUejMePVCOXaXbxZRh P79Azm5I=</latexit><latexit sha1_base64="fDSU6bQYa JE5/OF2FSxcUwR9NhM=">AAAC83icjVLLSsNAFD2Nr1pfVZdugkV0VRIRdFn sxmUF+4BWJEmn7dC8yEyEUvoTbutK3PpB/oHiT3hnTEEtPiYkOXPuPXfmzB03 9rmQlvWcMxYWl5ZX8quFtfWNza3i9k5DRGnisboX+VHSch3BfB6yuuTSZ604 YU7g+qzpDqsq3rxlieBReCVHMbsOnH7Ie9xzJFGtzsCR4+rk8KZYssqWHuY8s DNQQjZqUfENHXQRwUOKAAwhJGEfDgQ9bdiwEBN3jTFxCSGu4wwTFEibUhajD IfYIX37NGtnbEhzVVNotUer+PQmpDRxQJqI8hLCajVTx1NdWbE/1R7rmmpvI/ q7Wa2AWIkBsX/pZpn/1SkvEj2caQ+cPMWaUe68rEqqT0Xt3PzkSlKFmDiFux RPCHtaOTtnU2uE9q7O1tHxF52pWDX3stwUr7+6i8nFiCKqOwITugj297bPg8Z x2SZ8eVKqnGdXIo897OOI+n6KCi5QQ133+w5T3BupMTUejMePVCOXaXbxZRh P79Azm5I=</latexit><latexit sha1_base64="fDSU6bQYa JE5/OF2FSxcUwR9NhM=">AAAC83icjVLLSsNAFD2Nr1pfVZdugkV0VRIRdFn sxmUF+4BWJEmn7dC8yEyEUvoTbutK3PpB/oHiT3hnTEEtPiYkOXPuPXfmzB03 9rmQlvWcMxYWl5ZX8quFtfWNza3i9k5DRGnisboX+VHSch3BfB6yuuTSZ604 YU7g+qzpDqsq3rxlieBReCVHMbsOnH7Ie9xzJFGtzsCR4+rk8KZYssqWHuY8s DNQQjZqUfENHXQRwUOKAAwhJGEfDgQ9bdiwEBN3jTFxCSGu4wwTFEibUhajD IfYIX37NGtnbEhzVVNotUer+PQmpDRxQJqI8hLCajVTx1NdWbE/1R7rmmpvI/ q7Wa2AWIkBsX/pZpn/1SkvEj2caQ+cPMWaUe68rEqqT0Xt3PzkSlKFmDiFux RPCHtaOTtnU2uE9q7O1tHxF52pWDX3stwUr7+6i8nFiCKqOwITugj297bPg8Z x2SZ8eVKqnGdXIo897OOI+n6KCi5QQ133+w5T3BupMTUejMePVCOXaXbxZRh P79Azm5I=</latexit><latexit sha1_base64="fDSU6bQYa JE5/OF2FSxcUwR9NhM=">AAAC83icjVLLSsNAFD2Nr1pfVZdugkV0VRIRdFn sxmUF+4BWJEmn7dC8yEyEUvoTbutK3PpB/oHiT3hnTEEtPiYkOXPuPXfmzB03 9rmQlvWcMxYWl5ZX8quFtfWNza3i9k5DRGnisboX+VHSch3BfB6yuuTSZ604 YU7g+qzpDqsq3rxlieBReCVHMbsOnH7Ie9xzJFGtzsCR4+rk8KZYssqWHuY8s DNQQjZqUfENHXQRwUOKAAwhJGEfDgQ9bdiwEBN3jTFxCSGu4wwTFEibUhajD IfYIX37NGtnbEhzVVNotUer+PQmpDRxQJqI8hLCajVTx1NdWbE/1R7rmmpvI/ q7Wa2AWIkBsX/pZpn/1SkvEj2caQ+cPMWaUe68rEqqT0Xt3PzkSlKFmDiFux RPCHtaOTtnU2uE9q7O1tHxF52pWDX3stwUr7+6i8nFiCKqOwITugj297bPg8Z x2SZ8eVKqnGdXIo897OOI+n6KCi5QQ133+w5T3BupMTUejMePVCOXaXbxZRh P79Azm5I=</latexit>
| i =
<latexit sha1_base64= "l+rdB+FK8XSdt3lVq3mmbd8bR5Y=">AAAC9nicjVL LSsNAFD2Nr1pfVZdugkVwVRIRdCMU3bisYB/QFknSa R2aF5mJWEo/w21diVt/xz9Q/AnvjCmoxceEJGfOvef OnLnjxj4X0rKec8bc/MLiUn65sLK6tr5R3NyqiyhN PFbzIj9Kmq4jmM9DVpNc+qwZJ8wJXJ813MGZijduWC J4FF7KYcw6gdMPeY97jiSq1R4wOWrHgo9Proolq2zp Yc4COwMlZKMaFd/QRhcRPKQIwBBCEvbhQNDTgg0LM XEdjIhLCHEdZxijQNqUshhlOMQO6NunWStjQ5qrmkK rPVrFpzchpYk90kSUlxBWq5k6nurKiv2p9kjXVHsb0 t/NagXESlwT+5dumvlfnfIi0cOx9sDJU6wZ5c7LqqT 6VNTOzU+uJFWIiVO4S/GEsKeV03M2tUZo7+psHR1/ 0ZmKVXMvy03x+qu7mFwMKaK6IzCmi2B/b/ssqB+Ubc IXh6XKaXYl8tjBLvap70eo4BxV1HRn7jDBvXFrTIwH 4/Ej1chlmm18GcbTOx8enTI=</latexit><latexit sha1_base64= "l+rdB+FK8XSdt3lVq3mmbd8bR5Y=">AAAC9nicjVL LSsNAFD2Nr1pfVZdugkVwVRIRdCMU3bisYB/QFknSa R2aF5mJWEo/w21diVt/xz9Q/AnvjCmoxceEJGfOvef OnLnjxj4X0rKec8bc/MLiUn65sLK6tr5R3NyqiyhN PFbzIj9Kmq4jmM9DVpNc+qwZJ8wJXJ813MGZijduWC J4FF7KYcw6gdMPeY97jiSq1R4wOWrHgo9Proolq2zp Yc4COwMlZKMaFd/QRhcRPKQIwBBCEvbhQNDTgg0LM XEdjIhLCHEdZxijQNqUshhlOMQO6NunWStjQ5qrmkK rPVrFpzchpYk90kSUlxBWq5k6nurKiv2p9kjXVHsb0 t/NagXESlwT+5dumvlfnfIi0cOx9sDJU6wZ5c7LqqT 6VNTOzU+uJFWIiVO4S/GEsKeV03M2tUZo7+psHR1/ 0ZmKVXMvy03x+qu7mFwMKaK6IzCmi2B/b/ssqB+Ubc IXh6XKaXYl8tjBLvap70eo4BxV1HRn7jDBvXFrTIwH 4/Ej1chlmm18GcbTOx8enTI=</latexit><latexit sha1_base64= "l+rdB+FK8XSdt3lVq3mmbd8bR5Y=">AAAC9nicjVL LSsNAFD2Nr1pfVZdugkVwVRIRdCMU3bisYB/QFknSa R2aF5mJWEo/w21diVt/xz9Q/AnvjCmoxceEJGfOvef OnLnjxj4X0rKec8bc/MLiUn65sLK6tr5R3NyqiyhN PFbzIj9Kmq4jmM9DVpNc+qwZJ8wJXJ813MGZijduWC J4FF7KYcw6gdMPeY97jiSq1R4wOWrHgo9Proolq2zp Yc4COwMlZKMaFd/QRhcRPKQIwBBCEvbhQNDTgg0LM XEdjIhLCHEdZxijQNqUshhlOMQO6NunWStjQ5qrmkK rPVrFpzchpYk90kSUlxBWq5k6nurKiv2p9kjXVHsb0 t/NagXESlwT+5dumvlfnfIi0cOx9sDJU6wZ5c7LqqT 6VNTOzU+uJFWIiVO4S/GEsKeV03M2tUZo7+psHR1/ 0ZmKVXMvy03x+qu7mFwMKaK6IzCmi2B/b/ssqB+Ubc IXh6XKaXYl8tjBLvap70eo4BxV1HRn7jDBvXFrTIwH 4/Ej1chlmm18GcbTOx8enTI=</latexit><latexit sha1_base64= "l+rdB+FK8XSdt3lVq3mmbd8bR5Y=">AAAC9nicjVL LSsNAFD2Nr1pfVZdugkVwVRIRdCMU3bisYB/QFknSa R2aF5mJWEo/w21diVt/xz9Q/AnvjCmoxceEJGfOvef OnLnjxj4X0rKec8bc/MLiUn65sLK6tr5R3NyqiyhN PFbzIj9Kmq4jmM9DVpNc+qwZJ8wJXJ813MGZijduWC J4FF7KYcw6gdMPeY97jiSq1R4wOWrHgo9Proolq2zp Yc4COwMlZKMaFd/QRhcRPKQIwBBCEvbhQNDTgg0LM XEdjIhLCHEdZxijQNqUshhlOMQO6NunWStjQ5qrmkK rPVrFpzchpYk90kSUlxBWq5k6nurKiv2p9kjXVHsb0 t/NagXESlwT+5dumvlfnfIi0cOx9sDJU6wZ5c7LqqT 6VNTOzU+uJFWIiVO4S/GEsKeV03M2tUZo7+psHR1/ 0ZmKVXMvy03x+qu7mFwMKaK6IzCmi2B/b/ssqB+Ubc IXh6XKaXYl8tjBLvap70eo4BxV1HRn7jDBvXFrTIwH 4/Ej1chlmm18GcbTOx8enTI=</latexit>
= | i
<latexit sha1_base64="RRsOYs37y8+zbIEU2zEXulN jN7s=">AAAC9nicjVLLSsNAFD2Nr1pfVZdugkVwVZIq6EYounFZwT6gLZKk0zo0TUJmIpbSz3BbV+LW3/EPFH/CO 2MKavExIcmZc++5M2fuuJHPhbSs54wxN7+wuJRdzq2srq1v5De3aiJMYo9VvdAP44brCObzgFUllz5rRDFzBq7P6 m7/TMXrNywWPAwu5TBi7YHTC3iXe44kqnnS6jM5akWCj6/yBato6WHOAjsFBaSjEubf0EIHITwkGIAhgCTsw4Ggp wkbFiLi2hgRFxPiOs4wRo60CWUxynCI7dO3R7NmygY0VzWFVnu0ik9vTEoTe6QJKS8mrFYzdTzRlRX7U+2Rrqn2N qS/m9YaECtxTexfumnmf3XKi0QXx9oDJ0+RZpQ7L62S6FNROzc/uZJUISJO4Q7FY8KeVk7P2dQaob2rs3V0/EVnK lbNvTQ3weuv7iJyMaSI6o6Augj297bPglqpaB8USxeHhfJpeiWy2MEu9qnvRyjjHBVUdWfuMMG9cWtMjAfj8SPVy KSabXwZxtM7HoydNg==</latexit>
Qubit A
<latexit sha 1_base64="kfQ8RLB1FheI9 etBK+PxR9OzSBg=">AAAC+Xi cjVLLTsJAFD3UF+ILdemmkZ i4IgVNdIm6cQmJPBJA05YBJ 5S2mU6NhPAfbnFl3Po1/oHG n/DOWBKV+Jim7Zlz7zntmRk n9HgkLes5ZczNLywupZczK6t r6xvZza1aFMTCZVU38ALRcO yIedxnVcmlxxqhYPbA8Vjd6 Z+pev2GiYgH/oUchqw9sHs+ 73LXlkRdtiS7laNK7HBpnoyv sjkrb+lhzoJCAnJIRjnIvqG FDgK4iDEAgw9J2IONiK4mCr AQEtfGiDhBiOs6wxgZ0sbUx ajDJrZPzx7Nmgnr01x5Rlrt 0lc8ugUpTeyRJqA+QVh9zdT1 WDsr9ifvkfZU/zakt5N4DYi VuCb2L9208786lUWii2OdgV OmUDMqnZu4xHpV1J+bn1JJc giJU7hDdUHY1crpOptaE+nsa m1tXX/RnYpVczfpjfH6a7qQ UgyponYngjoIhe/bPgtqxXz hIF+sHOZKp8mRSGMHu9infT 9CCecoo0qOAneY4N4YGRPjwX j8aDVSiWYbX4bx9A4uS55W< /latexit>
Qubit B
<latexit sha 1_base64="BIslManH6FYU O3BOtnrvs4qMtmI=">AAAC +XicjVLLTsJAFD3UF+ILde mmkZi4IgVNdElw4xISeSSAp i0DTihtM50aCeE/3OLKuPV r/AONP+GdsSQq8TFN2zPn3 nPaMzNO6PFIWtZzylhYXFpe Sa9m1tY3Nrey2zv1KIiFy2 pu4AWi6dgR87jPapJLjzVD weyh47GGMzhT9cYNExEP/A s5CllnaPd93uOuLYm6bEt2K 8fV2OHSLE+usjkrb+lhzoN CAnJIRiXIvqGNLgK4iDEEg w9J2IONiK4WCrAQEtfBmDhB iOs6wwQZ0sbUxajDJnZAzz 7NWgnr01x5Rlrt0lc8ugUp TRyQJqA+QVh9zdT1WDsr9i fvsfZU/zait5N4DYmVuCb2L 92s8786lUWih1OdgVOmUDM qnZu4xHpV1J+bn1JJcgiJU 7hLdUHY1crZOptaE+nsam1t XX/RnYpVczfpjfH6a7qQUo yoonYngjoIhe/bPg/qxXzh KF+sHudK5eRIpLGHfRzSvp +ghHNUUCNHgTtMcW+MjanxY Dx+tBqpRLOLL8N4egcw1J5 X</latexit>(a)
(b)
  +˜↵
!i<latexit sha1_base64="OIWALprGB/M/OeoLlTwP5 iNM0pI=">AAADCXicjVLLSsNAFD2Nr1pfVZe6CBZBEEpaBV0W3bisYB/QSknSaR2aF8lEKKEbt/6I27oSt36 Ff6D4E94ZU1CLjwlJzj33njNzZ8YKHB4Jw3jOaDOzc/ML2cXc0vLK6lp+faMe+XFos5rtO37YtMyIOdxjNcGF w5pByEzXcljDGpzKfOOahRH3vQsxDNila/Y93uO2KYjq5LfbAyaStuBOlyX7o1Enafsu65udhFOQLxhFQw19 GpRSUEA6qn7+DW104cNGDBcMHgRhByYieloowUBA3CUS4kJCXOUZRsiRNqYqRhUmsQP69ilqpaxHsfSMlNqmW Rx6Q1Lq2CWNT3UhYTmbrvKxcpbsT96J8pRrG9LfSr1cYgWuiP1LN6n8r072ItDDseqBU0+BYmR3duoSq12RK 9c/dSXIISBO4i7lQ8K2Uk72WVeaSPUu99ZU+RdVKVkZ22ltjNdfuwuoiyFl5OlEkBeh9P3Yp0G9XCwdFMvnh4 XKSXolstjCDvbo3I9QwRmqqJHjDe4wxr12q421B+3xo1TLpJpNfBna0zviw6U5</latexit>
  +˜↵
!s<latexit sha1_base64="RWNZe0Ofu02Cai2IVmD2J eKQth8=">AAADCXicjVLLSsNAFD3GV31XXeoiWARBKGkVdFl047KCrYVWSpJO69C8yEyEErpx64+4rStx61f4 B4o/4Z0xglp8TEhy7rn3nJk7M07kcSEt62nCmJyanpnNzc0vLC4tr+RX1+oiTGKX1dzQC+OGYwvm8YDVJJcea 0Qxs33HY+dO/1jlz69YLHgYnMlBxC58uxfwLndtSVQ7v9nqM5m2JPc6LN0dDttpK/RZz26ngoJ8wSpaepjjoJ SBArJRDfOvaKGDEC4S+GAIIAl7sCHoaaIECxFxF0iJiwlxnWcYYp60CVUxqrCJ7dO3R1EzYwOKlafQapdm8eiN SWlimzQh1cWE1WymzifaWbE/eafaU61tQH8n8/KJlbgk9i/dR+V/daoXiS4OdQ+ceoo0o7pzM5dE74paufmpK 0kOEXEKdygfE3a18mOfTa0Rune1t7bOP+tKxarYzWoTvPzaXURdDCijTkdAXYTS92MfB/VysbRXLJ/uFypH2Z XIYQNb2KFzP0AFJ6iiRo7XuMUId8aNMTLujYf3UmMi06zjyzAe3wD8J6VD</latexit>
|+i! Dˆ(!)Dˆ(t) • | i
|+i! Dˆ(!0)Dˆ(t0)  
|+i!s
<latexit sha1_base64= "3kIsv7mmhnawqfZOMUkZcW41YRg=">AAADDHicjV LLSuRAFD1GndF2ZmzHpQuDjSAITVoFZynOxqWC3S3Y 0iSx7AmdF6mK0IReuvVH3OpK3PoP/oHiT3iqTIMPR q2Q5Nxz7zlVt6q8NAykcpy7MWt8YvLb96npysyPn7 9mq3O/WzLJM180/SRMsgPPlSIMYtFUgQrFQZoJN/JC 0fb6f3W+fSoyGSTxvhqk4ihye3FwEviuItWtLnb6Q hWdhDXaolgdDrsMI9Fzu4VkUK05dccM+z1olKCGcu wm1Ud0cIwEPnJEEIihiEO4kHwO0YCDlNwRCnIZUWD yAkNUqM1ZJVjhku3z22N0WLIxY+0pjdrnLCHfjEoby 9QkrMuI9Wy2yefGWbP/8y6Mp17bgH+v9IrIKvwj+5 luVPlVne5F4QR/TA8Be0oNo7vzS5fc7Ipeuf2iK0W HlJzGx8xnxL5RjvbZNhppetd765r8vanUrI79sjbH w4fdpexiwIw+HQl9ERpvj/09aK3VG+v1tb2N2tZ2eS WmsIAlrPDcN7GFHeyiScczXOASV9a5dWldWzfPpdZ YqZnHq2HdPgHsUqaz</latexit>
|+i!i
<latexit sha1_base64= "fBCAUlhW1VqONKS6RkrdHEYsL3I=">AAADDHicjV LLTttAFD2YAiE8msKyi1pESEhIkRMqlSWCDcsgNQ kSQZFthjCKX7LHlSIry275EbawQmz7D/0DUH+iZwZ HakE8xrJ97rn3nJk7M14SyEw5zu8Za/bD3PxCZbG6 tLyy+rH2aa2bxXnqi44fB3F67LmZCGQkOkqqQBwnq XBDLxA9b3Sg870fIs1kHH1X40Schu4wkufSdxWpQ e1LfyRU0Y9Zoy2K7clkwDAUQ3dQSAa1utNwzLCfg2 YJ6ihHO679QR9niOEjRwiBCIo4gIuMzwmacJCQO0V BLiWSJi8wQZXanFWCFS7ZEb9DRiclGzHWnplR+5w l4JtSaWOTmph1KbGezTb53Dhr9iXvwnjqtY3590qv kKzCBdm3dNPK9+p0Lwrn2DU9SPaUGEZ355cuudkVv XL7n64UHRJyGp8xnxL7RjndZ9toMtO73lvX5O9NpW Z17Je1OR5e7S5hF2Nm9Olk0Beh+fTYn4Nuq9Hcab SOvtb39ssrUcFnbGCL5/4NezhEGx06/sQVrnFjXVr X1q1191hqzZSadfw3rF9/AdLupqk=</latexit>
  +˜↵
!
<latexit sha1_base64="bKBGmnnIG0ZuMCC6vcnZc G6zLbc=">AAADBXicjVLLSsNAFD2Nr1pfVTeCm2ARBKGkIuiy6MZlBfuAVkqSTuvQvEgmQglx64+4rStx63f4 B4o/4Z0xBbX4mJDkzLn3nOTMjBU4PBKG8ZzTZmbn5hfyi4Wl5ZXVteL6RiPy49Bmddt3/LBlmRFzuMfqgguHt YKQma7lsKY1PJX15jULI+57F2IUsEvXHHi8z21TENUtbnWGTCQdwZ0eS/bTtJt0fJcNzLRbLBllQw19GlQyUE I2an7xDR304MNGDBcMHgRhByYiutqowEBA3CUS4kJCXNUZUhRIG1MXow6T2CE9BzRrZ6xHc+kZKbVNX3HoDk mpY5c0PvWFhOXXdFWPlbNkf/JOlKf8txG9rczLJVbgiti/dJPO/+pkFoE+jlUGTpkCxch0duYSq1WRf65/SiX IISBO4h7VQ8K2Uk7WWVeaSGWXa2uq+ovqlKyc21lvjNdf0wWUYkQVuTsR5EGofN/2adA4KFcInx+WqifZkchj GzvYo30/QhVnqKFOjje4wxj32q021h60x49WLZdpNvFlaE/vsHCjTQ==</latexit><latexit sha1_base64="bKBGmnnIG0ZuMCC6vcnZc G6zLbc=">AAADBXicjVLLSsNAFD2Nr1pfVTeCm2ARBKGkIuiy6MZlBfuAVkqSTuvQvEgmQglx64+4rStx63f4 B4o/4Z0xBbX4mJDkzLn3nOTMjBU4PBKG8ZzTZmbn5hfyi4Wl5ZXVteL6RiPy49Bmddt3/LBlmRFzuMfqgguHt YKQma7lsKY1PJX15jULI+57F2IUsEvXHHi8z21TENUtbnWGTCQdwZ0eS/bTtJt0fJcNzLRbLBllQw19GlQyUE I2an7xDR304MNGDBcMHgRhByYiutqowEBA3CUS4kJCXNUZUhRIG1MXow6T2CE9BzRrZ6xHc+kZKbVNX3HoDk mpY5c0PvWFhOXXdFWPlbNkf/JOlKf8txG9rczLJVbgiti/dJPO/+pkFoE+jlUGTpkCxch0duYSq1WRf65/SiX IISBO4h7VQ8K2Uk7WWVeaSGWXa2uq+ovqlKyc21lvjNdf0wWUYkQVuTsR5EGofN/2adA4KFcInx+WqifZkchj GzvYo30/QhVnqKFOjje4wxj32q021h60x49WLZdpNvFlaE/vsHCjTQ==</latexit><latexit sha1_base64="bKBGmnnIG0ZuMCC6vcnZc G6zLbc=">AAADBXicjVLLSsNAFD2Nr1pfVTeCm2ARBKGkIuiy6MZlBfuAVkqSTuvQvEgmQglx64+4rStx63f4 B4o/4Z0xBbX4mJDkzLn3nOTMjBU4PBKG8ZzTZmbn5hfyi4Wl5ZXVteL6RiPy49Bmddt3/LBlmRFzuMfqgguHt YKQma7lsKY1PJX15jULI+57F2IUsEvXHHi8z21TENUtbnWGTCQdwZ0eS/bTtJt0fJcNzLRbLBllQw19GlQyUE I2an7xDR304MNGDBcMHgRhByYiutqowEBA3CUS4kJCXNUZUhRIG1MXow6T2CE9BzRrZ6xHc+kZKbVNX3HoDk mpY5c0PvWFhOXXdFWPlbNkf/JOlKf8txG9rczLJVbgiti/dJPO/+pkFoE+jlUGTpkCxch0duYSq1WRf65/SiX IISBO4h7VQ8K2Uk7WWVeaSGWXa2uq+ovqlKyc21lvjNdf0wWUYkQVuTsR5EGofN/2adA4KFcInx+WqifZkchj GzvYo30/QhVnqKFOjje4wxj32q021h60x49WLZdpNvFlaE/vsHCjTQ==</latexit><latexit sha1_base64="bKBGmnnIG0ZuMCC6vcnZc G6zLbc=">AAADBXicjVLLSsNAFD2Nr1pfVTeCm2ARBKGkIuiy6MZlBfuAVkqSTuvQvEgmQglx64+4rStx63f4 B4o/4Z0xBbX4mJDkzLn3nOTMjBU4PBKG8ZzTZmbn5hfyi4Wl5ZXVteL6RiPy49Bmddt3/LBlmRFzuMfqgguHt YKQma7lsKY1PJX15jULI+57F2IUsEvXHHi8z21TENUtbnWGTCQdwZ0eS/bTtJt0fJcNzLRbLBllQw19GlQyUE I2an7xDR304MNGDBcMHgRhByYiutqowEBA3CUS4kJCXNUZUhRIG1MXow6T2CE9BzRrZ6xHc+kZKbVNX3HoDk mpY5c0PvWFhOXXdFWPlbNkf/JOlKf8txG9rczLJVbgiti/dJPO/+pkFoE+jlUGTpkCxch0duYSq1WRf65/SiX IISBO4h7VQ8K2Uk7WWVeaSGWXa2uq+ovqlKyc21lvjNdf0wWUYkQVuTsR5EGofN/2adA4KFcInx+WqifZkchj GzvYo30/QhVnqKFOjje4wxj32q021h60x49WLZdpNvFlaE/vsHCjTQ==</latexit>
  ˜↵
!
<latexit sha1_base64="bKBGmnnIG0ZuMCC6vcnZcG6z Lbc=">AAADBXicjVLLSsNAFD2Nr1pfVTeCm2ARBKGkIuiy6MZlBfuAVkqSTuvQvEgmQglx64+4rStx63f4B4o/4Z0x BbX4mJDkzLn3nOTMjBU4PBKG8ZzTZmbn5hfyi4Wl5ZXVteL6RiPy49Bmddt3/LBlmRFzuMfqgguHtYKQma7lsKY1PJX 15jULI+57F2IUsEvXHHi8z21TENUtbnWGTCQdwZ0eS/bTtJt0fJcNzLRbLBllQw19GlQyUEI2an7xDR304MNGDBcMH gRhByYiutqowEBA3CUS4kJCXNUZUhRIG1MXow6T2CE9BzRrZ6xHc+kZKbVNX3HoDkmpY5c0PvWFhOXXdFWPlbNkf/J OlKf8txG9rczLJVbgiti/dJPO/+pkFoE+jlUGTpkCxch0duYSq1WRf65/SiXIISBO4h7VQ8K2Uk7WWVeaSGWXa2uq+o vqlKyc21lvjNdf0wWUYkQVuTsR5EGofN/2adA4KFcInx+WqifZkchjGzvYo30/QhVnqKFOjje4wxj32q021h60x49W LZdpNvFlaE/vsHCjTQ==</latexit><latexit sha1_base64="bKBGmnnIG0ZuMCC6vcnZcG6z Lbc=">AAADBXicjVLLSsNAFD2Nr1pfVTeCm2ARBKGkIuiy6MZlBfuAVkqSTuvQvEgmQglx64+4rStx63f4B4o/4Z0x BbX4mJDkzLn3nOTMjBU4PBKG8ZzTZmbn5hfyi4Wl5ZXVteL6RiPy49Bmddt3/LBlmRFzuMfqgguHtYKQma7lsKY1PJX 15jULI+57F2IUsEvXHHi8z21TENUtbnWGTCQdwZ0eS/bTtJt0fJcNzLRbLBllQw19GlQyUEI2an7xDR304MNGDBcMH gRhByYiutqowEBA3CUS4kJCXNUZUhRIG1MXow6T2CE9BzRrZ6xHc+kZKbVNX3HoDkmpY5c0PvWFhOXXdFWPlbNkf/J OlKf8txG9rczLJVbgiti/dJPO/+pkFoE+jlUGTpkCxch0duYSq1WRf65/SiXIISBO4h7VQ8K2Uk7WWVeaSGWXa2uq+o vqlKyc21lvjNdf0wWUYkQVuTsR5EGofN/2adA4KFcInx+WqifZkchjGzvYo30/QhVnqKFOjje4wxj32q021h60x49W LZdpNvFlaE/vsHCjTQ==</latexit><latexit sha1_base64="bKBGmnnIG0ZuMCC6vcnZcG6z Lbc=">AAADBXicjVLLSsNAFD2Nr1pfVTeCm2ARBKGkIuiy6MZlBfuAVkqSTuvQvEgmQglx64+4rStx63f4B4o/4Z0x BbX4mJDkzLn3nOTMjBU4PBKG8ZzTZmbn5hfyi4Wl5ZXVteL6RiPy49Bmddt3/LBlmRFzuMfqgguHtYKQma7lsKY1PJX 15jULI+57F2IUsEvXHHi8z21TENUtbnWGTCQdwZ0eS/bTtJt0fJcNzLRbLBllQw19GlQyUEI2an7xDR304MNGDBcMH gRhByYiutqowEBA3CUS4kJCXNUZUhRIG1MXow6T2CE9BzRrZ6xHc+kZKbVNX3HoDkmpY5c0PvWFhOXXdFWPlbNkf/J OlKf8txG9rczLJVbgiti/dJPO/+pkFoE+jlUGTpkCxch0duYSq1WRf65/SiXIISBO4h7VQ8K2Uk7WWVeaSGWXa2uq+o vqlKyc21lvjNdf0wWUYkQVuTsR5EGofN/2adA4KFcInx+WqifZkchjGzvYo30/QhVnqKFOjje4wxj32q021h60x49W LZdpNvFlaE/vsHCjTQ==</latexit><latexit sha1_base64="bKBGmnnIG0ZuMCC6vcnZcG6z Lbc=">AAADBXicjVLLSsNAFD2Nr1pfVTeCm2ARBKGkIuiy6MZlBfuAVkqSTuvQvEgmQglx64+4rStx63f4B4o/4Z0x BbX4mJDkzLn3nOTMjBU4PBKG8ZzTZmbn5hfyi4Wl5ZXVteL6RiPy49Bmddt3/LBlmRFzuMfqgguHtYKQma7lsKY1PJX 15jULI+57F2IUsEvXHHi8z21TENUtbnWGTCQdwZ0eS/bTtJt0fJcNzLRbLBllQw19GlQyUEI2an7xDR304MNGDBcMH gRhByYiutqowEBA3CUS4kJCXNUZUhRIG1MXow6T2CE9BzRrZ6xHc+kZKbVNX3HoDkmpY5c0PvWFhOXXdFWPlbNkf/J OlKf8txG9rczLJVbgiti/dJPO/+pkFoE+jlUGTpkCxch0duYSq1WRf65/SiXIISBO4h7VQ8K2Uk7WWVeaSGWXa2uq+o vqlKyc21lvjNdf0wWUYkQVuTsR5EGofN/2adA4KFcInx+WqifZkchjGzvYo30/QhVnqKFOjje4wxj32q021h60x49W LZdpNvFlaE/vsHCjTQ==</latexit>
Cˆ 0
<latexit sha1_base64="fDSU6bQYaJ E5/OF2FSxcUwR9NhM=">AAAC83icjVLLSsNAFD2Nr1pfVZdugkV0VRIRdFnsxm UF+4BWJEmn7dC8yEyEUvoTbutK3PpB/oHiT3hnTEEtPiYkOXPuPXfmzB039rmQl vWcMxYWl5ZX8quFtfWNza3i9k5DRGnisboX+VHSch3BfB6yuuTSZ604YU7g+qz pDqsq3rxlieBReCVHMbsOnH7Ie9xzJFGtzsCR4+rk8KZYssqWHuY8sDNQQjZqU fENHXQRwUOKAAwhJGEfDgQ9bdiwEBN3jTFxCSGu4wwTFEibUhajDIfYIX37NGtn bEhzVVNotUer+PQmpDRxQJqI8hLCajVTx1NdWbE/1R7rmmpvI/q7Wa2AWIkBsX /pZpn/1SkvEj2caQ+cPMWaUe68rEqqT0Xt3PzkSlKFmDiFuxRPCHtaOTtnU2uE9 q7O1tHxF52pWDX3stwUr7+6i8nFiCKqOwITugj297bPg8Zx2SZ8eVKqnGdXIo8 97OOI+n6KCi5QQ133+w5T3BupMTUejMePVCOXaXbxZRhP79Azm5I=</latexit><latexit sha1_base64="fDSU6bQYaJ E5/OF2FSxcUwR9NhM=">AAAC83icjVLLSsNAFD2Nr1pfVZdugkV0VRIRdFnsxm UF+4BWJEmn7dC8yEyEUvoTbutK3PpB/oHiT3hnTEEtPiYkOXPuPXfmzB039rmQl vWcMxYWl5ZX8quFtfWNza3i9k5DRGnisboX+VHSch3BfB6yuuTSZ604YU7g+qz pDqsq3rxlieBReCVHMbsOnH7Ie9xzJFGtzsCR4+rk8KZYssqWHuY8sDNQQjZqU fENHXQRwUOKAAwhJGEfDgQ9bdiwEBN3jTFxCSGu4wwTFEibUhajDIfYIX37NGtn bEhzVVNotUer+PQmpDRxQJqI8hLCajVTx1NdWbE/1R7rmmpvI/q7Wa2AWIkBsX /pZpn/1SkvEj2caQ+cPMWaUe68rEqqT0Xt3PzkSlKFmDiFuxRPCHtaOTtnU2uE9 q7O1tHxF52pWDX3stwUr7+6i8nFiCKqOwITugj297bPg8Zx2SZ8eVKqnGdXIo8 97OOI+n6KCi5QQ133+w5T3BupMTUejMePVCOXaXbxZRhP79Azm5I=</latexit><latexit sha1_base64="fDSU6bQYaJ E5/OF2FSxcUwR9NhM=">AAAC83icjVLLSsNAFD2Nr1pfVZdugkV0VRIRdFnsxm UF+4BWJEmn7dC8yEyEUvoTbutK3PpB/oHiT3hnTEEtPiYkOXPuPXfmzB039rmQl vWcMxYWl5ZX8quFtfWNza3i9k5DRGnisboX+VHSch3BfB6yuuTSZ604YU7g+qz pDqsq3rxlieBReCVHMbsOnH7Ie9xzJFGtzsCR4+rk8KZYssqWHuY8sDNQQjZqU fENHXQRwUOKAAwhJGEfDgQ9bdiwEBN3jTFxCSGu4wwTFEibUhajDIfYIX37NGtn bEhzVVNotUer+PQmpDRxQJqI8hLCajVTx1NdWbE/1R7rmmpvI/q7Wa2AWIkBsX /pZpn/1SkvEj2caQ+cPMWaUe68rEqqT0Xt3PzkSlKFmDiFuxRPCHtaOTtnU2uE9 q7O1tHxF52pWDX3stwUr7+6i8nFiCKqOwITugj297bPg8Zx2SZ8eVKqnGdXIo8 97OOI+n6KCi5QQ133+w5T3BupMTUejMePVCOXaXbxZRhP79Azm5I=</latexit><latexit sha1_base64="fDSU6bQYaJ E5/OF2FSxcUwR9NhM=">AAAC83icjVLLSsNAFD2Nr1pfVZdugkV0VRIRdFnsxm UF+4BWJEmn7dC8yEyEUvoTbutK3PpB/oHiT3hnTEEtPiYkOXPuPXfmzB039rmQl vWcMxYWl5ZX8quFtfWNza3i9k5DRGnisboX+VHSch3BfB6yuuTSZ604YU7g+qz pDqsq3rxlieBReCVHMbsOnH7Ie9xzJFGtzsCR4+rk8KZYssqWHuY8sDNQQjZqU fENHXQRwUOKAAwhJGEfDgQ9bdiwEBN3jTFxCSGu4wwTFEibUhajDIfYIX37NGtn bEhzVVNotUer+PQmpDRxQJqI8hLCajVTx1NdWbE/1R7rmmpvI/q7Wa2AWIkBsX /pZpn/1SkvEj2caQ+cPMWaUe68rEqqT0Xt3PzkSlKFmDiFuxRPCHtaOTtnU2uE9 q7O1tHxF52pWDX3stwUr7+6i8nFiCKqOwITugj297bPg8Zx2SZ8eVKqnGdXIo8 97OOI+n6KCi5QQ133+w5T3BupMTUejMePVCOXaXbxZRhP79Azm5I=</latexit>
| i =
<latexit sha1_base64=" l+rdB+FK8XSdt3lVq3mmbd8bR5Y=">AAAC9nicjVLLS sNAFD2Nr1pfVZdugkVwVRIRdCMU3bisYB/QFknSaR2a F5mJWEo/w21diVt/xz9Q/AnvjCmoxceEJGfOvefOnLn jxj4X0rKec8bc/MLiUn65sLK6tr5R3NyqiyhNPFbzIj 9Kmq4jmM9DVpNc+qwZJ8wJXJ813MGZijduWCJ4FF7KY cw6gdMPeY97jiSq1R4wOWrHgo9Proolq2zpYc4COwMlZ KMaFd/QRhcRPKQIwBBCEvbhQNDTgg0LMXEdjIhLCHEd ZxijQNqUshhlOMQO6NunWStjQ5qrmkKrPVrFpzchpYk 90kSUlxBWq5k6nurKiv2p9kjXVHsb0t/NagXESlwT+5 dumvlfnfIi0cOx9sDJU6wZ5c7LqqT6VNTOzU+uJFWIi VO4S/GEsKeV03M2tUZo7+psHR1/0ZmKVXMvy03x+qu7 mFwMKaK6IzCmi2B/b/ssqB+UbcIXh6XKaXYl8tjBLva p70eo4BxV1HRn7jDBvXFrTIwH4/Ej1chlmm18GcbTOx 8enTI=</latexit><latexit sha1_base64=" l+rdB+FK8XSdt3lVq3mmbd8bR5Y=">AAAC9nicjVLLS sNAFD2Nr1pfVZdugkVwVRIRdCMU3bisYB/QFknSaR2a F5mJWEo/w21diVt/xz9Q/AnvjCmoxceEJGfOvefOnLn jxj4X0rKec8bc/MLiUn65sLK6tr5R3NyqiyhNPFbzIj 9Kmq4jmM9DVpNc+qwZJ8wJXJ813MGZijduWCJ4FF7KY cw6gdMPeY97jiSq1R4wOWrHgo9Proolq2zpYc4COwMlZ KMaFd/QRhcRPKQIwBBCEvbhQNDTgg0LMXEdjIhLCHEd ZxijQNqUshhlOMQO6NunWStjQ5qrmkKrPVrFpzchpYk 90kSUlxBWq5k6nurKiv2p9kjXVHsb0t/NagXESlwT+5 dumvlfnfIi0cOx9sDJU6wZ5c7LqqT6VNTOzU+uJFWIi VO4S/GEsKeV03M2tUZo7+psHR1/0ZmKVXMvy03x+qu7 mFwMKaK6IzCmi2B/b/ssqB+UbcIXh6XKaXYl8tjBLva p70eo4BxV1HRn7jDBvXFrTIwH4/Ej1chlmm18GcbTOx 8enTI=</latexit><latexit sha1_base64=" l+rdB+FK8XSdt3lVq3mmbd8bR5Y=">AAAC9nicjVLLS sNAFD2Nr1pfVZdugkVwVRIRdCMU3bisYB/QFknSaR2a F5mJWEo/w21diVt/xz9Q/AnvjCmoxceEJGfOvefOnLn jxj4X0rKec8bc/MLiUn65sLK6tr5R3NyqiyhNPFbzIj 9Kmq4jmM9DVpNc+qwZJ8wJXJ813MGZijduWCJ4FF7KY cw6gdMPeY97jiSq1R4wOWrHgo9Proolq2zpYc4COwMlZ KMaFd/QRhcRPKQIwBBCEvbhQNDTgg0LMXEdjIhLCHEd ZxijQNqUshhlOMQO6NunWStjQ5qrmkKrPVrFpzchpYk 90kSUlxBWq5k6nurKiv2p9kjXVHsb0t/NagXESlwT+5 dumvlfnfIi0cOx9sDJU6wZ5c7LqqT6VNTOzU+uJFWIi VO4S/GEsKeV03M2tUZo7+psHR1/0ZmKVXMvy03x+qu7 mFwMKaK6IzCmi2B/b/ssqB+UbcIXh6XKaXYl8tjBLva p70eo4BxV1HRn7jDBvXFrTIwH4/Ej1chlmm18GcbTOx 8enTI=</latexit><latexit sha1_base64=" l+rdB+FK8XSdt3lVq3mmbd8bR5Y=">AAAC9nicjVLLS sNAFD2Nr1pfVZdugkVwVRIRdCMU3bisYB/QFknSaR2a F5mJWEo/w21diVt/xz9Q/AnvjCmoxceEJGfOvefOnLn jxj4X0rKec8bc/MLiUn65sLK6tr5R3NyqiyhNPFbzIj 9Kmq4jmM9DVpNc+qwZJ8wJXJ813MGZijduWCJ4FF7KY cw6gdMPeY97jiSq1R4wOWrHgo9Proolq2zpYc4COwMlZ KMaFd/QRhcRPKQIwBBCEvbhQNDTgg0LMXEdjIhLCHEd ZxijQNqUshhlOMQO6NunWStjQ5qrmkKrPVrFpzchpYk 90kSUlxBWq5k6nurKiv2p9kjXVHsb0t/NagXESlwT+5 dumvlfnfIi0cOx9sDJU6wZ5c7LqqT6VNTOzU+uJFWIi VO4S/GEsKeV03M2tUZo7+psHR1/0ZmKVXMvy03x+qu7 mFwMKaK6IzCmi2B/b/ssqB+UbcIXh6XKaXYl8tjBLva p70eo4BxV1HRn7jDBvXFrTIwH4/Ej1chlmm18GcbTOx 8enTI=</latexit>
= | i
<latexit sha1_base64="RRsOYs37y8+zbIEU2zEXulNj N7s=">AAAC9nicjVLLSsNAFD2Nr1pfVZdugkVwVZIq6EYounFZwT6gLZKk0zo0TUJmIpbSz3BbV+LW3/EPFH/CO2MKa vExIcmZc++5M2fuuJHPhbSs54wxN7+wuJRdzq2srq1v5De3aiJMYo9VvdAP44brCObzgFUllz5rRDFzBq7P6m7/TMXr NywWPAwu5TBi7YHTC3iXe44kqnnS6jM5akWCj6/yBato6WHOAjsFBaSjEubf0EIHITwkGIAhgCTsw4GgpwkbFiLi2hg RFxPiOs4wRo60CWUxynCI7dO3R7NmygY0VzWFVnu0ik9vTEoTe6QJKS8mrFYzdTzRlRX7U+2Rrqn2NqS/m9YaECtxTe xfumnmf3XKi0QXx9oDJ0+RZpQ7L62S6FNROzc/uZJUISJO4Q7FY8KeVk7P2dQaob2rs3V0/EVnKlbNvTQ3weuv7iJyM aSI6o6Augj297bPglqpaB8USxeHhfJpeiWy2MEu9qnvRyjjHBVUdWfuMMG9cWtMjAfj8SPVyKSabXwZxtM7HoydNg== </latexit>
Qubit A
<latexit sha 1_base64="kfQ8RLB1FheI9e tBK+PxR9OzSBg=">AAAC+Xic jVLLTsJAFD3UF+ILdemmkZi4 IgVNdIm6cQmJPBJA05YBJ5S2 mU6NhPAfbnFl3Po1/oHGn/DO WBKV+Jim7Zlz7zntmRkn9Hgk Les5ZczNLywupZczK6tr6xvZ za1aFMTCZVU38ALRcOyIedxn VcmlxxqhYPbA8Vjd6Z+pev2G iYgH/oUchqw9sHs+73LXlkRd tiS7laNK7HBpnoyvsjkrb+lh zoJCAnJIRjnIvqGFDgK4iDEA gw9J2IONiK4mCrAQEtfGiDhB iOs6wxgZ0sbUxajDJrZPzx7N mgnr01x5Rlrt0lc8ugUpTeyR JqA+QVh9zdT1WDsr9ifvkfZU /zakt5N4DYiVuCb2L9208786 lUWii2OdgVOmUDMqnZu4xHpV 1J+bn1JJcgiJU7hDdUHY1crp OptaE+nsam1tXX/RnYpVczfp jfH6a7qQUgyponYngjoIhe/b PgtqxXzhIF+sHOZKp8mRSGMH u9infT9CCecoo0qOAneY4N4Y GRPjwXj8aDVSiWYbX4bx9A4u S55W</latexit>
Qubit B
<latexit sha 1_base64="BIslManH6FYUO 3BOtnrvs4qMtmI=">AAAC+X icjVLLTsJAFD3UF+ILdemmk Zi4IgVNdElw4xISeSSApi0D TihtM50aCeE/3OLKuPVr/AO NP+GdsSQq8TFN2zPn3nPaMz NO6PFIWtZzylhYXFpeSa9m1 tY3Nrey2zv1KIiFy2pu4AWi 6dgR87jPapJLjzVDweyh47G GMzhT9cYNExEP/As5CllnaP d93uOuLYm6bEt2K8fV2OHSL E+usjkrb+lhzoNCAnJIRiXI vqGNLgK4iDEEgw9J2IONiK4 WCrAQEtfBmDhBiOs6wwQZ0s bUxajDJnZAzz7NWgnr01x5R lrt0lc8ugUpTRyQJqA+QVh9 zdT1WDsr9ifvsfZU/zait5N 4DYmVuCb2L92s8786lUWih1 OdgVOmUDMqnZu4xHpV1J+bn 1JJcgiJU7hLdUHY1crZOpta E+nsam1tXX/RnYpVczfpjfH 6a7qQUoyoonYngjoIhe/bPg /qxXzhKF+sHudK5eRIpLGHf RzSvp+ghHNUUCNHgTtMcW+M janxYDx+tBqpRLOLL8N4egc w1J5X</latexit>
| 0i
<latexit sha1_base64="rbWunayeNYiB Ney3WmvtnaZNPp0=">AAAC9nicjVLLSsNAFD2Nr1pfVZdugkV0VRIRdFl047KCfUBb JEmndWheZCZiKf0Mt3Ulbv0d/0DxJ7wzpqAWHxOSnDn3njtz5o4b+1xIy3rOGXPzC4t L+eXCyura+kZxc6suojTxWM2L/Chpuo5gPg9ZTXLps2acMCdwfdZwB2cq3rhhieBReC mHMesETj/kPe45kqhWe8DkqB0Lvj++KpassqWHOQvsDJSQjWpUfEMbXUTwkCIAQwhJ 2IcDQU8LNizExHUwIi4hxHWcYYwCaVPKYpThEDugb59mrYwNaa5qCq32aBWf3oSUJvZ IE1FeQlitZup4qisr9qfaI11T7W1IfzerFRArcU3sX7pp5n91yotEDyfaAydPsWaUOy +rkupTUTs3P7mSVCEmTuEuxRPCnlZOz9nUGqG9q7N1dPxFZypWzb0sN8Xrr+5icjGk iOqOgLoI9ve2z4L6YdkmfHFUqpxmVyKPHezigPp+jArOUUVNd+YOE9wbt8bEeDAeP1K NXKbZxpdhPL0D5wmdHA==</latexit><latexit sha1_base64="rbWunayeNYiB Ney3WmvtnaZNPp0=">AAAC9nicjVLLSsNAFD2Nr1pfVZdugkV0VRIRdFl047KCfUBb JEmndWheZCZiKf0Mt3Ulbv0d/0DxJ7wzpqAWHxOSnDn3njtz5o4b+1xIy3rOGXPzC4t L+eXCyura+kZxc6suojTxWM2L/Chpuo5gPg9ZTXLps2acMCdwfdZwB2cq3rhhieBReC mHMesETj/kPe45kqhWe8DkqB0Lvj++KpassqWHOQvsDJSQjWpUfEMbXUTwkCIAQwhJ 2IcDQU8LNizExHUwIi4hxHWcYYwCaVPKYpThEDugb59mrYwNaa5qCq32aBWf3oSUJvZ IE1FeQlitZup4qisr9qfaI11T7W1IfzerFRArcU3sX7pp5n91yotEDyfaAydPsWaUOy +rkupTUTs3P7mSVCEmTuEuxRPCnlZOz9nUGqG9q7N1dPxFZypWzb0sN8Xrr+5icjGk iOqOgLoI9ve2z4L6YdkmfHFUqpxmVyKPHezigPp+jArOUUVNd+YOE9wbt8bEeDAeP1K NXKbZxpdhPL0D5wmdHA==</latexit><latexit sha1_base64="rbWunayeNYiB Ney3WmvtnaZNPp0=">AAAC9nicjVLLSsNAFD2Nr1pfVZdugkV0VRIRdFl047KCfUBb JEmndWheZCZiKf0Mt3Ulbv0d/0DxJ7wzpqAWHxOSnDn3njtz5o4b+1xIy3rOGXPzC4t L+eXCyura+kZxc6suojTxWM2L/Chpuo5gPg9ZTXLps2acMCdwfdZwB2cq3rhhieBReC mHMesETj/kPe45kqhWe8DkqB0Lvj++KpassqWHOQvsDJSQjWpUfEMbXUTwkCIAQwhJ 2IcDQU8LNizExHUwIi4hxHWcYYwCaVPKYpThEDugb59mrYwNaa5qCq32aBWf3oSUJvZ IE1FeQlitZup4qisr9qfaI11T7W1IfzerFRArcU3sX7pp5n91yotEDyfaAydPsWaUOy +rkupTUTs3P7mSVCEmTuEuxRPCnlZOz9nUGqG9q7N1dPxFZypWzb0sN8Xrr+5icjGk iOqOgLoI9ve2z4L6YdkmfHFUqpxmVyKPHezigPp+jArOUUVNd+YOE9wbt8bEeDAeP1K NXKbZxpdhPL0D5wmdHA==</latexit><latexit sha1_base64="rbWunayeNYiB Ney3WmvtnaZNPp0=">AAAC9nicjVLLSsNAFD2Nr1pfVZdugkV0VRIRdFl047KCfUBb JEmndWheZCZiKf0Mt3Ulbv0d/0DxJ7wzpqAWHxOSnDn3njtz5o4b+1xIy3rOGXPzC4t L+eXCyura+kZxc6suojTxWM2L/Chpuo5gPg9ZTXLps2acMCdwfdZwB2cq3rhhieBReC mHMesETj/kPe45kqhWe8DkqB0Lvj++KpassqWHOQvsDJSQjWpUfEMbXUTwkCIAQwhJ 2IcDQU8LNizExHUwIi4hxHWcYYwCaVPKYpThEDugb59mrYwNaa5qCq32aBWf3oSUJvZ IE1FeQlitZup4qisr9qfaI11T7W1IfzerFRArcU3sX7pp5n91yotEDyfaAydPsWaUOy +rkupTUTs3P7mSVCEmTuEuxRPCnlZOz9nUGqG9q7N1dPxFZypWzb0sN8Xrr+5icjGk iOqOgLoI9ve2z4L6YdkmfHFUqpxmVyKPHezigPp+jArOUUVNd+YOE9wbt8bEeDAeP1K NXKbZxpdhPL0D5wmdHA==</latexit>
| 0i
<latexit sha1_base64="rbWunayeNYiB Ney3WmvtnaZNPp0=">AAAC9nicjVLLSsNAFD2Nr1pfVZdugkV0VRIRdFl047KCfUBb JEmndWheZCZiKf0Mt3Ulbv0d/0DxJ7wzpqAWHxOSnDn3njtz5o4b+1xIy3rOGXPzC4t L+eXCyura+kZxc6suojTxWM2L/Chpuo5gPg9ZTXLps2acMCdwfdZwB2cq3rhhieBReC mHMesETj/kPe45kqhWe8DkqB0Lvj++KpassqWHOQvsDJSQjWpUfEMbXUTwkCIAQwhJ 2IcDQU8LNizExHUwIi4hxHWcYYwCaVPKYpThEDugb59mrYwNaa5qCq32aBWf3oSUJvZ IE1FeQlitZup4qisr9qfaI11T7W1IfzerFRArcU3sX7pp5n91yotEDyfaAydPsWaUOy +rkupTUTs3P7mSVCEmTuEuxRPCnlZOz9nUGqG9q7N1dPxFZypWzb0sN8Xrr+5icjGk iOqOgLoI9ve2z4L6YdkmfHFUqpxmVyKPHezigPp+jArOUUVNd+YOE9wbt8bEeDAeP1K NXKbZxpdhPL0D5wmdHA==</latexit><latexit sha1_base64="rbWunayeNYiB Ney3WmvtnaZNPp0=">AAAC9nicjVLLSsNAFD2Nr1pfVZdugkV0VRIRdFl047KCfUBb JEmndWheZCZiKf0Mt3Ulbv0d/0DxJ7wzpqAWHxOSnDn3njtz5o4b+1xIy3rOGXPzC4t L+eXCyura+kZxc6suojTxWM2L/Chpuo5gPg9ZTXLps2acMCdwfdZwB2cq3rhhieBReC mHMesETj/kPe45kqhWe8DkqB0Lvj++KpassqWHOQvsDJSQjWpUfEMbXUTwkCIAQwhJ 2IcDQU8LNizExHUwIi4hxHWcYYwCaVPKYpThEDugb59mrYwNaa5qCq32aBWf3oSUJvZ IE1FeQlitZup4qisr9qfaI11T7W1IfzerFRArcU3sX7pp5n91yotEDyfaAydPsWaUOy +rkupTUTs3P7mSVCEmTuEuxRPCnlZOz9nUGqG9q7N1dPxFZypWzb0sN8Xrr+5icjGk iOqOgLoI9ve2z4L6YdkmfHFUqpxmVyKPHezigPp+jArOUUVNd+YOE9wbt8bEeDAeP1K NXKbZxpdhPL0D5wmdHA==</latexit><latexit sha1_base64="rbWunayeNYiB Ney3WmvtnaZNPp0=">AAAC9nicjVLLSsNAFD2Nr1pfVZdugkV0VRIRdFl047KCfUBb JEmndWheZCZiKf0Mt3Ulbv0d/0DxJ7wzpqAWHxOSnDn3njtz5o4b+1xIy3rOGXPzC4t L+eXCyura+kZxc6suojTxWM2L/Chpuo5gPg9ZTXLps2acMCdwfdZwB2cq3rhhieBReC mHMesETj/kPe45kqhWe8DkqB0Lvj++KpassqWHOQvsDJSQjWpUfEMbXUTwkCIAQwhJ 2IcDQU8LNizExHUwIi4hxHWcYYwCaVPKYpThEDugb59mrYwNaa5qCq32aBWf3oSUJvZ IE1FeQlitZup4qisr9qfaI11T7W1IfzerFRArcU3sX7pp5n91yotEDyfaAydPsWaUOy +rkupTUTs3P7mSVCEmTuEuxRPCnlZOz9nUGqG9q7N1dPxFZypWzb0sN8Xrr+5icjGk iOqOgLoI9ve2z4L6YdkmfHFUqpxmVyKPHezigPp+jArOUUVNd+YOE9wbt8bEeDAeP1K NXKbZxpdhPL0D5wmdHA==</latexit><latexit sha1_base64="rbWunayeNYiB Ney3WmvtnaZNPp0=">AAAC9nicjVLLSsNAFD2Nr1pfVZdugkV0VRIRdFl047KCfUBb JEmndWheZCZiKf0Mt3Ulbv0d/0DxJ7wzpqAWHxOSnDn3njtz5o4b+1xIy3rOGXPzC4t L+eXCyura+kZxc6suojTxWM2L/Chpuo5gPg9ZTXLps2acMCdwfdZwB2cq3rhhieBReC mHMesETj/kPe45kqhWe8DkqB0Lvj++KpassqWHOQvsDJSQjWpUfEMbXUTwkCIAQwhJ 2IcDQU8LNizExHUwIi4hxHWcYYwCaVPKYpThEDugb59mrYwNaa5qCq32aBWf3oSUJvZ IE1FeQlitZup4qisr9qfaI11T7W1IfzerFRArcU3sX7pp5n91yotEDyfaAydPsWaUOy +rkupTUTs3P7mSVCEmTuEuxRPCnlZOz9nUGqG9q7N1dPxFZypWzb0sN8Xrr+5icjGk iOqOgLoI9ve2z4L6YdkmfHFUqpxmVyKPHezigPp+jArOUUVNd+YOE9wbt8bEeDAeP1K NXKbZxpdhPL0D5wmdHA==</latexit>
(a)
<latexi t sha1_base64= "E4fN8g7MPx5fy 8uh+tw7f743mO 4=">AAAC7nicjV LJSsRAFCzjNu6j Hr0EB0EvkoigR 9GLR0XHEVQkie3 YmI2kIwziJ3gdT +LVX/IPFH/C6r YHXHDpkKS63qtK qrvDPJal8rynPq d/YHBouDYyOjY +MTlVn545KLOqi EQzyuKsOAyDUsQ yFU0lVSwO80IE SRiLVni5peutK1 GUMkv3VScXJ0nQ TuW5jAJFam8xW DqtN7xlzwz3O/A taMCOnaz+imOcI UOECgkEUijiGA FKXkfw4SEnd4Jr cgWRNHWBG4xSW7 FLsCMge8lnm7M jy6aca8/SqCN+J eZdUOligZqMfQW x/ppr6pVx1uxP 3tfGU/9bh+/Qei VkFS7I/qXrdf5X p7MonGPdZJDMl BtGp4usS2VWRf+ 5+yGVokNOTuMz1 gviyCh76+waTW my67UNTP3ZdGpW zyPbW+Hl13Q5U3 RY0btT4oYHwf+ 67d/BwcqyT7y72 tjYtEeihjnMY5H 7voYNbGMHTTq2 cYsu7pzc6Tr3zs N7q9NnNbP4NJzH Nz71mRc=</lat exit><latexi t sha1_base64= "E4fN8g7MPx5fy 8uh+tw7f743mO 4=">AAAC7nicjV LJSsRAFCzjNu6j Hr0EB0EvkoigR 9GLR0XHEVQkie3 YmI2kIwziJ3gdT +LVX/IPFH/C6r YHXHDpkKS63qtK qrvDPJal8rynPq d/YHBouDYyOjY +MTlVn545KLOqi EQzyuKsOAyDUsQ yFU0lVSwO80IE SRiLVni5peutK1 GUMkv3VScXJ0nQ TuW5jAJFam8xW DqtN7xlzwz3O/A taMCOnaz+imOcI UOECgkEUijiGA FKXkfw4SEnd4Jr cgWRNHWBG4xSW7 FLsCMge8lnm7M jy6aca8/SqCN+J eZdUOligZqMfQW x/ppr6pVx1uxP 3tfGU/9bh+/Qei VkFS7I/qXrdf5X p7MonGPdZJDMl BtGp4usS2VWRf+ 5+yGVokNOTuMz1 gviyCh76+waTW my67UNTP3ZdGpW zyPbW+Hl13Q5U3 RY0btT4oYHwf+ 67d/BwcqyT7y72 tjYtEeihjnMY5H 7voYNbGMHTTq2 cYsu7pzc6Tr3zs N7q9NnNbP4NJzH Nz71mRc=</lat exit><latexi t sha1_base64= "E4fN8g7MPx5fy 8uh+tw7f743mO 4=">AAAC7nicjV LJSsRAFCzjNu6j Hr0EB0EvkoigR 9GLR0XHEVQkie3 YmI2kIwziJ3gdT +LVX/IPFH/C6r YHXHDpkKS63qtK qrvDPJal8rynPq d/YHBouDYyOjY +MTlVn545KLOqi EQzyuKsOAyDUsQ yFU0lVSwO80IE SRiLVni5peutK1 GUMkv3VScXJ0nQ TuW5jAJFam8xW DqtN7xlzwz3O/A taMCOnaz+imOcI UOECgkEUijiGA FKXkfw4SEnd4Jr cgWRNHWBG4xSW7 FLsCMge8lnm7M jy6aca8/SqCN+J eZdUOligZqMfQW x/ppr6pVx1uxP 3tfGU/9bh+/Qei VkFS7I/qXrdf5X p7MonGPdZJDMl BtGp4usS2VWRf+ 5+yGVokNOTuMz1 gviyCh76+waTW my67UNTP3ZdGpW zyPbW+Hl13Q5U3 RY0btT4oYHwf+ 67d/BwcqyT7y72 tjYtEeihjnMY5H 7voYNbGMHTTq2 cYsu7pzc6Tr3zs N7q9NnNbP4NJzH Nz71mRc=</lat exit><latexi t sha1_base64= "E4fN8g7MPx5fy 8uh+tw7f743mO 4=">AAAC7nicjV LJSsRAFCzjNu6j Hr0EB0EvkoigR 9GLR0XHEVQkie3 YmI2kIwziJ3gdT +LVX/IPFH/C6r YHXHDpkKS63qtK qrvDPJal8rynPq d/YHBouDYyOjY +MTlVn545KLOqi EQzyuKsOAyDUsQ yFU0lVSwO80IE SRiLVni5peutK1 GUMkv3VScXJ0nQ TuW5jAJFam8xW DqtN7xlzwz3O/A taMCOnaz+imOcI UOECgkEUijiGA FKXkfw4SEnd4Jr cgWRNHWBG4xSW7 FLsCMge8lnm7M jy6aca8/SqCN+J eZdUOligZqMfQW x/ppr6pVx1uxP 3tfGU/9bh+/Qei VkFS7I/qXrdf5X p7MonGPdZJDMl BtGp4usS2VWRf+ 5+yGVokNOTuMz1 gviyCh76+waTW my67UNTP3ZdGpW zyPbW+Hl13Q5U3 RY0btT4oYHwf+ 67d/BwcqyT7y72 tjYtEeihjnMY5H 7voYNbGMHTTq2 cYsu7pzc6Tr3zs N7q9NnNbP4NJzH Nz71mRc=</lat exit>
(b)
<latexi t sha1_base64= "O+3TFDYHV8sm3 UBpD+RRwFOPAg c=">AAAC7nicjV LNSsNAGJzG//pX 9eglWIR6KakIe ix68VjR1kItkqT bGpomIdkIpfQRv OpJvPpKvoHiSz i7RlCLPxuSzM73 zSSzu07ke4m0rK ecMTU9Mzs3v5B fXFpeWS2srTeSM I1dUXdDP4ybjp0 I3wtEXXrSF80o FvbA8cW50z9S9f NrESdeGJzJYSTa A7sXeF3PtSWp0 5Kzc1koWmVLD3M SVDJQRDZqYeEVF +gghIsUAwgEkM Q+bCS8WqjAQkSu jRG5mMjTdYEx8t Sm7BLssMn2+ex x1srYgHPlmWi1y 6/4vGMqTWxTE7I vJlZfM3U91c6K /cl7pD3Vvw35dj KvAVmJK7J/6T46 /6tTWSS6ONAZP GaKNKPSuZlLqld F/bn5KZWkQ0RO4 Q7rMbGrlR/rbG pNorOrtbV1/Vl3 KlbN3aw3xcuv6S KmGLKidifBmAe h8n3bJ0Fjt1whP tkrVg+zIzGPTWy hxH3fRxXHqKFO xx5ucIs7IzJujX vj4b3VyGWaDXwZ xuMbQX6ZGA==< /latexit><latexi t sha1_base64= "O+3TFDYHV8sm3 UBpD+RRwFOPAg c=">AAAC7nicjV LNSsNAGJzG//pX 9eglWIR6KakIe ix68VjR1kItkqT bGpomIdkIpfQRv OpJvPpKvoHiSz i7RlCLPxuSzM73 zSSzu07ke4m0rK ecMTU9Mzs3v5B fXFpeWS2srTeSM I1dUXdDP4ybjp0 I3wtEXXrSF80o FvbA8cW50z9S9f NrESdeGJzJYSTa A7sXeF3PtSWp0 5Kzc1koWmVLD3M SVDJQRDZqYeEVF +gghIsUAwgEkM Q+bCS8WqjAQkSu jRG5mMjTdYEx8t Sm7BLssMn2+ex x1srYgHPlmWi1y 6/4vGMqTWxTE7I vJlZfM3U91c6K /cl7pD3Vvw35dj KvAVmJK7J/6T46 /6tTWSS6ONAZP GaKNKPSuZlLqld F/bn5KZWkQ0RO4 Q7rMbGrlR/rbG pNorOrtbV1/Vl3 KlbN3aw3xcuv6S KmGLKidifBmAe h8n3bJ0Fjt1whP tkrVg+zIzGPTWy hxH3fRxXHqKFO xx5ucIs7IzJujX vj4b3VyGWaDXwZ xuMbQX6ZGA==< /latexit><latexi t sha1_base64= "O+3TFDYHV8sm3 UBpD+RRwFOPAg c=">AAAC7nicjV LNSsNAGJzG//pX 9eglWIR6KakIe ix68VjR1kItkqT bGpomIdkIpfQRv OpJvPpKvoHiSz i7RlCLPxuSzM73 zSSzu07ke4m0rK ecMTU9Mzs3v5B fXFpeWS2srTeSM I1dUXdDP4ybjp0 I3wtEXXrSF80o FvbA8cW50z9S9f NrESdeGJzJYSTa A7sXeF3PtSWp0 5Kzc1koWmVLD3M SVDJQRDZqYeEVF +gghIsUAwgEkM Q+bCS8WqjAQkSu jRG5mMjTdYEx8t Sm7BLssMn2+ex x1srYgHPlmWi1y 6/4vGMqTWxTE7I vJlZfM3U91c6K /cl7pD3Vvw35dj KvAVmJK7J/6T46 /6tTWSS6ONAZP GaKNKPSuZlLqld F/bn5KZWkQ0RO4 Q7rMbGrlR/rbG pNorOrtbV1/Vl3 KlbN3aw3xcuv6S KmGLKidifBmAe h8n3bJ0Fjt1whP tkrVg+zIzGPTWy hxH3fRxXHqKFO xx5ucIs7IzJujX vj4b3VyGWaDXwZ xuMbQX6ZGA==< /latexit><latexi t sha1_base64= "O+3TFDYHV8sm3 UBpD+RRwFOPAg c=">AAAC7nicjV LNSsNAGJzG//pX 9eglWIR6KakIe ix68VjR1kItkqT bGpomIdkIpfQRv OpJvPpKvoHiSz i7RlCLPxuSzM73 zSSzu07ke4m0rK ecMTU9Mzs3v5B fXFpeWS2srTeSM I1dUXdDP4ybjp0 I3wtEXXrSF80o FvbA8cW50z9S9f NrESdeGJzJYSTa A7sXeF3PtSWp0 5Kzc1koWmVLD3M SVDJQRDZqYeEVF +gghIsUAwgEkM Q+bCS8WqjAQkSu jRG5mMjTdYEx8t Sm7BLssMn2+ex x1srYgHPlmWi1y 6/4vGMqTWxTE7I vJlZfM3U91c6K /cl7pD3Vvw35dj KvAVmJK7J/6T46 /6tTWSS6ONAZP GaKNKPSuZlLqld F/bn5KZWkQ0RO4 Q7rMbGrlR/rbG pNorOrtbV1/Vl3 KlbN3aw3xcuv6S KmGLKidifBmAe h8n3bJ0Fjt1whP tkrVg+zIzGPTWy hxH3fRxXHqKFO xx5ucIs7IzJujX vj4b3VyGWaDXwZ xuMbQX6ZGA==< /latexit>
(c)
<latexi t sha1_base64= "PN9UPzc5Aoyu0 S0tiOOHV6GdGN k=">AAAC7nicjV JLS8NAGBzjq9ZX 1aOXYBH0UlIR9 Ch68VjRtoIWSdZ tDU2TkGyEUvwJX utJvPqX/AeKf8 LZNQUf+NiQZHa+ byaZ3fXiwE+V4z yNWeMTk1PThZn i7Nz8wmJpabmRR lkiZF1EQZScem4 qAz+UdeWrQJ7G iXR7XiCbXvdA15 vXMkn9KDxR/Vi2 em4n9Nu+cBWp4 w2xeVEqOxXHDPs 7qOagjHzUotIrz nGJCAIZepAIoY gDuEh5naEKBzG5 FgbkEiLf1CVuUK Q2Y5dkh0u2y2e Hs7OcDTnXnqlRC 34l4J1QaWOdmoh 9CbH+mm3qmXHW 7E/eA+Op/63Pt5 d79cgqXJH9Szfq /K9OZ1FoY9dk8 JkpNoxOJ3KXzKy K/nP7QypFh5icx pesJ8TCKEfrbB tNarLrtXVN/dl0 albPRd6b4eXXdD FT9FnRu5Pihge h+nXbv4PGVqVKf LRd3tvPj0QBq1j DBvd9B3s4RA11 OnZwiyHurNgaWv fWw3urNZZrVvBp WI9vRAeZGQ==< /latexit><latexi t sha1_base64= "PN9UPzc5Aoyu0 S0tiOOHV6GdGN k=">AAAC7nicjV JLS8NAGBzjq9ZX 1aOXYBH0UlIR9 Ch68VjRtoIWSdZ tDU2TkGyEUvwJX utJvPqX/AeKf8 LZNQUf+NiQZHa+ byaZ3fXiwE+V4z yNWeMTk1PThZn i7Nz8wmJpabmRR lkiZF1EQZScem4 qAz+UdeWrQJ7G iXR7XiCbXvdA15 vXMkn9KDxR/Vi2 em4n9Nu+cBWp4 w2xeVEqOxXHDPs 7qOagjHzUotIrz nGJCAIZepAIoY gDuEh5naEKBzG5 FgbkEiLf1CVuUK Q2Y5dkh0u2y2e Hs7OcDTnXnqlRC 34l4J1QaWOdmoh 9CbH+mm3qmXHW 7E/eA+Op/63Pt5 d79cgqXJH9Szfq /K9OZ1FoY9dk8 JkpNoxOJ3KXzKy K/nP7QypFh5icx pesJ8TCKEfrbB tNarLrtXVN/dl0 albPRd6b4eXXdD FT9FnRu5Pihge h+nXbv4PGVqVKf LRd3tvPj0QBq1j DBvd9B3s4RA11 OnZwiyHurNgaWv fWw3urNZZrVvBp WI9vRAeZGQ==< /latexit><latexi t sha1_base64= "PN9UPzc5Aoyu0 S0tiOOHV6GdGN k=">AAAC7nicjV JLS8NAGBzjq9ZX 1aOXYBH0UlIR9 Ch68VjRtoIWSdZ tDU2TkGyEUvwJX utJvPqX/AeKf8 LZNQUf+NiQZHa+ byaZ3fXiwE+V4z yNWeMTk1PThZn i7Nz8wmJpabmRR lkiZF1EQZScem4 qAz+UdeWrQJ7G iXR7XiCbXvdA15 vXMkn9KDxR/Vi2 em4n9Nu+cBWp4 w2xeVEqOxXHDPs 7qOagjHzUotIrz nGJCAIZepAIoY gDuEh5naEKBzG5 FgbkEiLf1CVuUK Q2Y5dkh0u2y2e Hs7OcDTnXnqlRC 34l4J1QaWOdmoh 9CbH+mm3qmXHW 7E/eA+Op/63Pt5 d79cgqXJH9Szfq /K9OZ1FoY9dk8 JkpNoxOJ3KXzKy K/nP7QypFh5icx pesJ8TCKEfrbB tNarLrtXVN/dl0 albPRd6b4eXXdD FT9FnRu5Pihge h+nXbv4PGVqVKf LRd3tvPj0QBq1j DBvd9B3s4RA11 OnZwiyHurNgaWv fWw3urNZZrVvBp WI9vRAeZGQ==< /latexit><latexi t sha1_base64= "PN9UPzc5Aoyu0 S0tiOOHV6GdGN k=">AAAC7nicjV JLS8NAGBzjq9ZX 1aOXYBH0UlIR9 Ch68VjRtoIWSdZ tDU2TkGyEUvwJX utJvPqX/AeKf8 LZNQUf+NiQZHa+ byaZ3fXiwE+V4z yNWeMTk1PThZn i7Nz8wmJpabmRR lkiZF1EQZScem4 qAz+UdeWrQJ7G iXR7XiCbXvdA15 vXMkn9KDxR/Vi2 em4n9Nu+cBWp4 w2xeVEqOxXHDPs 7qOagjHzUotIrz nGJCAIZepAIoY gDuEh5naEKBzG5 FgbkEiLf1CVuUK Q2Y5dkh0u2y2e Hs7OcDTnXnqlRC 34l4J1QaWOdmoh 9CbH+mm3qmXHW 7E/eA+Op/63Pt5 d79cgqXJH9Szfq /K9OZ1FoY9dk8 JkpNoxOJ3KXzKy K/nP7QypFh5icx pesJ8TCKEfrbB tNarLrtXVN/dl0 albPRd6b4eXXdD FT9FnRu5Pihge h+nXbv4PGVqVKf LRd3tvPj0QBq1j DBvd9B3s4RA11 OnZwiyHurNgaWv fWw3urNZZrVvBp WI9vRAeZGQ==< /latexit>
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FIG. 4: Quantum circuit representing the generation of en-
tangled 2D ti e-frequency GKP state.
B. Applications
The previously described 2D entangled time-frequency
GKP state can be used to implement a measurement-
based error correction protocol, which was previously
defined for quadrature position-momentum continuous
variable [41].
In this scenario, the result of a measurement performed
on one qubit (say, B, encoded in the idler photon, also
called the ancilla) is used to correct the error on the other
qubit (A, encoded in the signal photon, also called the
data qubit).
We will consider the effect of a time measurement on
the ancilla qubit of state Eq. (43). Since both qubits are
entangled, measuring the ancilla qubit (B) has an effect
on the data qubit (A), as shown in Fig. 5 [4]. The op-
eration realized in qubit B is teleported to qubit A, up
to a known displacement on qubit A, which is given by
the result of the measurement performed in qubit B. In
the spirit of QEC, the interest of this approach is that,
if noise corresponds to displacements in conjugate vari-
ables, as it is the case in the GKP code, one can show
that, if qubit B is measured in one variable (time or fre-
quency), its error in the measured variable is teleported
to qubit A’s error in the same variable. Thus, if qubit
B’s error is smaller than A’s, this scheme can be used to
decrease the noise in physical GKP states of A [41, 42].
An interesting aspect of using measurement-based
techniques is that they provide an alternative to a deter-
ministic two-qubit gate in single photon-based devices.
As a matter of fact, implementing deterministic gates
is a challenge in such set-ups, and starting from useful
entangled resources can help achieving determinacy in
different protocols. Possible ways to scale up the gen-
eration of time-frequency GKP states would be using
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FIG. 5: The data qubit (signal) in arm A and the an-
cilla one (idler) in arm B are prepared in state |+¯〉ωs |+¯〉ωi =∣∣0〉
ts
∣∣0〉
ti
. After displacements and the Cˆ′ gate, we perform
a time measurement on the ancilla.
on-demand production of pure single photon states, re-
viewed in [43] for instance. Such ideas can be combined to
implement efficient frequency gates, which are currently
realised with electro-optic modulators and pulse-shapers
[44, 45].
We expect that the fast technological evolution of the
integrated circuits physics will enable effective photon-
photon interaction with higher probability in the near
future.
C. Experimental manipulation of time-frequency
grid state and state detection
In this section, we study the implementation of a single
qubit gate Zˆts on state Eq. (44).
A possibility to manipulate frequency states is using
electro-optical modulation (EOM) [28] for frequency-bin
encoded qubits. Such techniques can also be used in
the present context, with the difference that while in
Ref.[28] each frequency is manipulated independently, in
the present encoding redundancy is a key aspect, and
qubit manipulation requires acting on the whole fre-
quency comb. It must then be manipulated as a whole, a
situation that does not add any experimental complexity
to the techniques considered in [28].
Interestingly, using EOM is not strictly necessary to
manipulate time-frequency GKP states. We demonstrate
here an experimentally simpler way to implement a quan-
tum gate Zˆts for time-frequency GKP states and obtain
a signature of the manipulation using a Hong-Ou-Mandel
(HOM) interferometer [46, 47], that can be used for state
measurement, as detailed in the following. The HOM
setup is sketched in Fig. 6 (a): signal and idler photons
are sent to different arms of an interferometer, A and B.
We consider to be in the limit ∆ωp  ∆ω− for simplic-
ity. Introducing a time delay τ between the two arms,
the two photons acquire a phase difference such that the
biphoton state arriving in the recombining beam-splitter
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fR(! ) =
1
2d
dX
m= d
 (!    2m !)
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<la texi t sh a1_b ase6 4="t HRid ZUG1 Qnpi O/f6 K627 eN98 h8=" >AAA DbHi cjVJ ba9R AFP6 68dK ul66X tyIE F2UX 2ZIs gr4U 6uXB xypu t9DU MJnM bkNz Y2Yi lCE/ zR/i sy8K 1b+g Z6Yp VEvV CUm+ +c75 zpxz5 iR1n ikdB J9Xe t6Vq 9eur 671b 9y8d Xt9c Ofur qoay cWMV 3kl9 xKmR J6VY qYzn Yu9W gpWJ LmYJ 0evrH 3+UU iVVe V7fV yLg4 Ity2 yRca aJig fzRW xevG tHUV WIJY vNpB 1vRQ vJuA lbM0 0nYR uppo hNsTV J2w/ GEan INTu nmIy mxZN wHL2 2/Ck 9jgf DYDN wy78 Iwg4 M0a2 davA TEVJ U4Gh QQKC EJpy DQdG zjxAB auIO YIiT hDJn F2jR J21D XoI8 GLFH 9F3S br9j S9rb mMqp OZ2S 0ytJ 6eMR aSry k4Tt ab6z Ny6y ZS+Lb VxMm 9sx/ ZMuV kGsx iGx/ 9Kde f6vz tais cBzV 0NGN dWOs dXxL krju mIz9 89Vp SlCT ZzFK dklY e6UZ3 32nU a52m 1vmb N/dZ 6WtX ve+T b45r Ls/6 VCm4 XlLr 8ZQ/ tD6p xyt6 jQ0s CEf4 7HRb A73Q wJv3 063H7 Zjc4 qNvA QI5q PZ9j GG+x gRhE /4Qt O8L3 3w7v vbXg PTl1 7K53 mHn5 b3uN fIHO +6g= =</l atex it><la texi t sh a1_b ase6 4="t HRid ZUG1 Qnpi O/f6 K627 eN98 h8=" >AAA DbHi cjVJ ba9R AFP6 68dK ul66X tyIE F2UX 2ZIs gr4U 6uXB xypu t9DU MJnM bkNz Y2Yi lCE/ zR/i sy8K 1b+g Z6Yp VEvV CUm+ +c75 zpxz5 iR1n ikdB J9Xe t6Vq 9eur 671b 9y8d Xt9c Ofur qoay cWMV 3kl9 xKmR J6VY qYzn Yu9W gpWJ LmYJ 0evrH 3+UU iVVe V7fV yLg4 Ity2 yRca aJig fzRW xevG tHUV WIJY vNpB 1vRQ vJuA lbM0 0nYR uppo hNsTV J2w/ GEan INTu nmIy mxZN wHL2 2/Ck 9jgf DYDN wy78 Iwg4 M0a2 davA TEVJ U4Gh QQKC EJpy DQdG zjxAB auIO YIiT hDJn F2jR J21D XoI8 GLFH 9F3S br9j S9rb mMqp OZ2S 0ytJ 6eMR aSry k4Tt ab6z Ny6y ZS+Lb VxMm 9sx/ ZMuV kGsx iGx/ 9Kde f6vz tais cBzV 0NGN dWOs dXxL krju mIz9 89Vp SlCT ZzFK dklY e6UZ3 32nU a52m 1vmb N/dZ 6WtX ve+T b45r Ls/6 VCm4 XlLr 8ZQ/ tD6p xyt6 jQ0s CEf4 7HRb A73Q wJv3 063H7 Zjc4 qNvA QI5q PZ9j GG+x gRhE /4Qt O8L3 3w7v vbXg PTl1 7K53 mHn5 b3uN fIHO +6g= =</l atex it><la texi t sh a1_b ase6 4="t HRid ZUG1 Qnpi O/f6 K627 eN98 h8=" >AAA DbHi cjVJ ba9R AFP6 68dK ul66X tyIE F2UX 2ZIs gr4U 6uXB xypu t9DU MJnM bkNz Y2Yi lCE/ zR/i sy8K 1b+g Z6Yp VEvV CUm+ +c75 zpxz5 iR1n ikdB J9Xe t6Vq 9eur 671b 9y8d Xt9c Ofur qoay cWMV 3kl9 xKmR J6VY qYzn Yu9W gpWJ LmYJ 0evrH 3+UU iVVe V7fV yLg4 Ity2 yRca aJig fzRW xevG tHUV WIJY vNpB 1vRQ vJuA lbM0 0nYR uppo hNsTV J2w/ GEan INTu nmIy mxZN wHL2 2/Ck 9jgf DYDN wy78 Iwg4 M0a2 davA TEVJ U4Gh QQKC EJpy DQdG zjxAB auIO YIiT hDJn F2jR J21D XoI8 GLFH 9F3S br9j S9rb mMqp OZ2S 0ytJ 6eMR aSry k4Tt ab6z Ny6y ZS+Lb VxMm 9sx/ ZMuV kGsx iGx/ 9Kde f6vz tais cBzV 0NGN dWOs dXxL krju mIz9 89Vp SlCT ZzFK dklY e6UZ3 32nU a52m 1vmb N/dZ 6WtX ve+T b45r Ls/6 VCm4 XlLr 8ZQ/ tD6p xyt6 jQ0s CEf4 7HRb A73Q wJv3 063H7 Zjc4 qNvA QI5q PZ9j GG+x gRhE /4Qt O8L3 3w7v vbXg PTl1 7K53 mHn5 b3uN fIHO +6g= =</l atex it><la texi t sh a1_b ase6 4="t HRid ZUG1 Qnpi O/f6 K627 eN98 h8=" >AAA DbHi cjVJ ba9R AFP6 68dK ul66X tyIE F2UX 2ZIs gr4U 6uXB xypu t9DU MJnM bkNz Y2Yi lCE/ zR/i sy8K 1b+g Z6Yp VEvV CUm+ +c75 zpxz5 iR1n ikdB J9Xe t6Vq 9eur 671b 9y8d Xt9c Ofur qoay cWMV 3kl9 xKmR J6VY qYzn Yu9W gpWJ LmYJ 0evrH 3+UU iVVe V7fV yLg4 Ity2 yRca aJig fzRW xevG tHUV WIJY vNpB 1vRQ vJuA lbM0 0nYR uppo hNsTV J2w/ GEan INTu nmIy mxZN wHL2 2/Ck 9jgf DYDN wy78 Iwg4 M0a2 davA TEVJ U4Gh QQKC EJpy DQdG zjxAB auIO YIiT hDJn F2jR J21D XoI8 GLFH 9F3S br9j S9rb mMqp OZ2S 0ytJ 6eMR aSry k4Tt ab6z Ny6y ZS+Lb VxMm 9sx/ ZMuV kGsx iGx/ 9Kde f6vz tais cBzV 0NGN dWOs dXxL krju mIz9 89Vp SlCT ZzFK dklY e6UZ3 32nU a52m 1vmb N/dZ 6WtX ve+T b45r Ls/6 VCm4 XlLr 8ZQ/ tD6p xyt6 jQ0s CEf4 7HRb A73Q wJv3 063H7 Zjc4 qNvA QI5q PZ9j GG+x gRhE /4Qt O8L3 3w7v vbXg PTl1 7K53 mHn5 b3uN fIHO +6g= =</l atex it>
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<latexit sha1_base64 ="szCiF7rQ9bCF/hHtSxVAxxa96iQ=">AAAC9Xic jVLLTsJAFD3UF+ILdemmkZi4Ii2a6JLoxiUm8oh ATFsGnFDapjPVEMJfuMWVcev3+Acaf8I7Y0lU4m OatmfOvee0Z2bcyOdCWtZzxpibX1hcyi7nVlbX1j fym1s1ESaxx6pe6Idxw3UE83nAqpJLnzWimDkD1 2d1t3+q6vUbFgseBhdyGLH2wOkFvMs9RxJ12eoz OWpFgo+v8gWraOlhzgI7BQWkoxLm39BCByE8JBiA IYAk7MOBoKsJGxYi4toYERcT4rrOMEaOtAl1Mep wiO3Ts0ezZsoGNFeeQqs9+opPd0xKE3ukCakvJq y+Zup6op0V+5P3SHuqfxvS2029BsRKXBP7l27a+V +dyiLRxbHOwClTpBmVzktdEr0q6s/NT6kkOUTEK dyhekzY08rpOptaI3R2tbaOrr/oTsWquZf2Jnj9 NV1EKYZUUbsjoA6C/X3bZ0GtVLQPiqXzw0L5JD0S WexgF/u070co4wwVVMkxwB0muDdujYnxYDx+tBq ZVLONL8N4egdbuZzv</latexit>
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B<latexit sha1_base64="EJbb/qxFePhGMtvtL4Da4mtQ6Bo=">AAAC83icjVLLSsNAFD 2Nr1pfVZdugkVwVZIq6LLUjcsK9gFtkSSd1qFpEiYTsZT+hNu6Erd+kH+g+BPeGVNQi48JSc6ce8+dOXPHjXweS8t6zhgLi0vLK9nV3Nr6xuZWfnunHoeJ8FjNC/1QNF0nZj4PWE1y6b NmJJgzdH3WcAdnKt64YSLmYXApRxHrDJ1+wHvccyRRzbZkt3JcmVzlC1bR0sOcB3YKCkhHNcy/oY0uQnhIMARDAEnYh4OYnhZsWIiI62BMnCDEdZxhghxpE8pilOEQO6Bvn2atlA1or mrGWu3RKj69gpQmDkgTUp4grFYzdTzRlRX7U+2xrqn2NqK/m9YaEitxTexfulnmf3XKi0QPp9oDJ0+RZpQ7L62S6FNROzc/uZJUISJO4S7FBWFPK2fnbGpNrL2rs3V0/EVnKlbNvTQ3w euv7iJyMaKI6k4MdRHs722fB/VS0T4qli6OC+VKeiWy2MM+DqnvJyjjHFXUdL/vMMW9kRhT48F4/Eg1MqlmF1+G8fQOxRqb9g==</latexit>
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FIG. 6: (a) Hong-Ou-Mandel experiment enabling state ma-
nipulation and measurement. After being generated, signal
and idler photons are separated and sent into two different
arms of a HOM interferometer with a polarizing beam-splitter
(PBS). Time delay (τ) in one arm performs a Zˆts gate for
τ = −τrt/2. In order to have the same polarization for the
photons, a half-wave plate is added. State measurement can
be done by recombining both photons in a second beam split-
ter and performing coincidence measurements for different
values of τ . (b) Experimental coincidence measurements cor-
responding to the state ˜|+¯〉 |+¯〉. (c) Experimental coincidence
measurements corresponding to the state ˜|−¯〉 |+¯〉. The contin-
uous lines are the result of numerical calculations taking into
account the effects of birefringence, reflectivity and chromatic
dispersion in the AlGaAs chip.
is given by:
|ψ(τ)〉 =
∫
dω−e−i(ω−+ωp)τ/2f−(ω−)fcav
(
ωp + ω−
2
)
× fcav
(
ωp − ω−
2
) ∣∣∣∣ωp + ω−2 , ωp − ω−2
〉
. (45)
Without loss of generality for the present purposes, we
consider g(ω−) = f−(ω−)fcav(
ωp+ω−
2 )fcav(
ωp−ω−
2 ) to be
real. This function is also symmetric with respect to
ω− = 0. The phase e−iω−τ corresponds to a displacement
of τ in time, the conjugate variable to ω−, as shown in
Sec. III. It corresponds to the application of the Dˆs(τ)
operator to the signal photon before the entangling oper-
ation.
By choosing τ = −τrt/2 the n-th peaks of g(ω−)
with n even, remain unchanged, while for n odd, they
gain a pi phase and change signs, implementing the gate
Zˆts |+¯〉ωs = |−¯〉ωs with a simple interferometric config-
uration and coincidence detection. Consequently, before
its arrival on the HOM recombining beam-splitter, the
two-photon state can be written as |ψ′〉 = ˜|−¯〉 |+¯〉.
The signature of time displacement operator and the
orthogonality of the two states can be detected by mea-
suring temporal correlations with a HOM interferometer.
As shown in [48, 49], the HOM experiment is a direct
measurement of the chronocyclic Wigner distribution of
the phase-matching part of the JSA. The first experimen-
tal demonstration of these ideas can be found in [50]. In
the experimental context discussed here, it gives access
to a cut in the time-frequency phase space of the Wigner
function associated to the global variable ω−, W (µ, τ),
where µ is the amplitude of displacement of ω− and τ
the amplitude of displacement in time. The HOM ex-
periment corresponds thus to a cut along the µ = 0 line,
where τ is varied. The partial information obtained is
enough to distinguish between the two orthogonal states.
We have implemented the setup of Fig. 6 (a) on the
state produced by our AlGaAs device presented in IV A.
For τ = 0, we expect a coincidence dip with a visibility
fixed by the degree of indistinguishability between the
signal and idler photons: this corresponds to the state
Cˆ ′
∣∣+˜〉
ωs
∣∣+˜〉
ωi
. For τ = −τrt/2, we expect to observe
a replica of the previous dip whose visibility is related
to a combination of facets reflectivity, birefringence
and chromatic dispersion: this corresponds to the state
Cˆ ′Zˆts
∣∣+˜〉
ωs
∣∣+˜〉
ωi
. The results of the corresponding
measurements are shown respectively in Fig. 6 (b) and
(c). In the first (Fig. 6 (b), in the vicinity τ = 0) the
visibility is 86%, while in the second case (Fig. 6 (c),
around τ = −τrt/2) we obtain a visibility of 12%, making
these two states well distinguishable. We perform in
Fig. 7 numerical simulations of the visibility of the
second dip of the HOM experiment as a function of the
cavity reflectivity and for different bandwidths of the
filters placed before the beam-splitter. The intersection
of the dashed lines indicates the conditions in which the
experiment has been performed: a modal reflectivity of
the facets of 0.3 without frequency filters, which leads
to a theoretical prediction of 15% of visibility, which
is in good agreement with the experimentally observed
result of 12%, see Fig.6 (c). Such visibility is enough
to distinguish both possible GKP states. Note that
the visibility of the second dip can be increased by
depositing a reflective coating on the facets, but this
solution would equally enhance the detrimental effect of
the cavity birefringence by making peaks corresponding
to different polarizations more and more distinguishable.
In addition to coating, a potential strategy to improve
the visibility is to add frequency filters in order to
select the central part of the spectrum and reduce the
effect of birefringence and chromatic dispersion. For
instance, the total frequency bandwidth for about 500
peaks is 70 nm as shown in Fig. 7. For each curve in
Fig. 7, we note that the visibility reaches a maximum
and then decreases when increasing the reflectivity, well
illustrating our discussion on the antagonist roles of
the reflectivity and the birefringence. It shows that a
visibility of the order of 80 % is well on reach. Numerical
and analytical results are presented in the Appendix A
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for such values of reflectivity.
In summary, a visibility higher than 80% for the
adjacent dips from the central dip can be obtained by
improving the reflectivity of the facets and filtering the
produced spectrum, which would decrease the number
of exploitable peaks and reduce the detection rate but
would still keep them of the order of a hundred.
Further possible manipulation of the time-frequency
grid state has been proposed in [38], where tuning the
pump frequency allows to engineer the JSA symmetry.
Compared to other schemes where each comb line is ma-
nipulated individually [45, 51], this technique enables to
address the odd and the even peaks individually with
low optical losses. In the formalism developed in Sec.
II, the pump tuning corresponds to a frequency displace-
ment operation on the signal and idler photon, see Fig. 2
of Ref. [38], namely to non-linear operation without the
need to introduce a non-linear material or EOM after the
generation of the two-photon state.
FIG. 7: Numerical simulation of the visibility of the sec-
ondary peaks, nearest to the central dip, as a function of
the reflectivity of the facets for different bandwidth of the
frequency filters placed before the beam-splitter. The bire-
fringence and the chromatic dispersion are here taken into
account. The intersection of the two dashed lines indicates
the conditions of the realized experiment whose coincidence
measurement is presented in Fig 6.(c).
D. Experimental proposal for quantum error
correction in time-frequency variable
We now discuss the experimental feasibility of the time
quantum error correction. The Joint Temporal Intensity
of the state given by Eq. (39) is represented in Fig. 8.
The state is periodic, with periodicity of 2pi/ω = 50
ps using the parameters of the above described source,
along the two orthogonal directions t±. But since the
inverse of the energy conservation width 1/∆ω+ is much
larger than the cavity round trip time τrt, the periodicity
along the t+ is not visible. A time measurement of the
idler photon leads to a random temporal distribution
which corresponds to the different peaks along the
t− axis. A single photon detector should have 50 ps
temporal resolution to distinguish these peaks, which
is possible with nowadays technology. It corresponds
to what is commonly designated as photon heralding.
Once the state is measured, further time or frequency
correction operators could be applied on the data [37].
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FIG. 8: Numerical Simulation of the Joint Temporal
Intensity of the time-frequency GKP state in the case
∆ω−  ∆ωp with a 50 ps periodicity. It corresponds to the
Fourier transform of the state shown in Fig. 2.(b). The state
is periodic in both directions, but since the 1/∆ωp  2pi/ω,
we can not see the periodicity in the t+ direction since the
data qubit is very noisy.
Error correction is also possible in frequency de-
grees of freedom, and it requires measuring one of the
photons in the ω± variables. This operation could be
performed with non-linear devices implementing a con-
trolled quantum gate in the frequency degrees of freedom.
V. CONCLUSION
As a conclusion, we detailed a formalism establishing
the analogy between continuous variables consisting of
many modes of single photons and those associated to
a single mode field’s quadratures. We introduced a rig-
orous construction and provided a physical and math-
ematical meaning to the chronocyclic Wigner distribu-
tion in a quantum optics experiment. Using the intro-
duced formal analogies, we showed that experimental se-
tups consisting of a SPDC source and a filtering cavity
can be a natural source of time-frequency GKP states,
which are time-frequency non-Gaussian states useful for
fault-tolerant quantum protocols manipulating continu-
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ous variables. Qubits can be encoded in frequency and
time degrees of freedom of photons and entangled GKP
states can be generated and manipulated. We have ex-
perimentally illustrated these results in an integrated op-
tical platform. Finally, we have shown that the produced
state is a resource for MBQC and error correction, and
both can be implemented through time or frequency mea-
surement of one photon of the pair. A natural perspective
is to combine our results with already existing technolo-
gies for quantum photonic circuits for further applica-
tions and scaling [52–55]. Using the measurement based
principle, other protocols involving quadrature position-
momentum GKP state could be generalised to time-
frequency variables such as the correction of Gaussian
errors using GKP state as a non-Gaussian ressource with
the two-mode GKP repetition code [56, 57].
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Appendix A: IMPLEMENTING GATES USING
THE HONG-OU-MANDEL EXPERIMENT
In this section, we detail how to implement the sin-
gle qubit gate Zˆ for the frequency-time GKP state. The
frequency ωp is taken different from zero. For simplic-
ity, we will describe the principle of the gate for an ideal
GKP state. Starting from the Eq. (44) and supposing
that each photon goes to one arm of a Hong-Ou-Mandel
(HOM) interferometer where a linear medium was in-
serted in one of the arms (see Fig. 6), the wave function
can be written, after the beam-splitter, taking into ac-
count only the coincidence terms as,
|ψ〉τ =
1
2
∫
dω−f−(ω−)fcav(
ωp + ω−
2
)fcav(
ωp − ω−
2
)
×e−i
(ωp+ω−)τ
2 (
∣∣∣ωp + ω−
2
,
ωp − ω−
2
〉
−
∣∣∣ωp − ω−
2
,
ωp + ω−
2
〉
),
(A1)
where τ is the temporal delay introduced by the linear
medium in the upper path. After performing a change of
variable, we obtain:
|ψ〉τ =
1
2
∫
dω−(f−(ω−)e
−iω−τ
2 − f−(−ω−)e+i
ω−τ
2 )
fcav(
ωp + ω−
2
)fcav(
ωp − ω−
2
)
∣∣∣ωp + ω−
2
,
ωp − ω−
2
〉
. (A2)
In the last equation, we discard an unimportant
global phase. The coincidence probability I(τ) =∫∫
dωsdωi|〈ωs, ωi|ψ〉τ |2 reads:
I(τ) =
1
2
[1− 1
N
Re(
∫ ∣∣∣∣fcav(ωp + ω−2 )fcav(ωp − ω−2 )
∣∣∣∣2
× f−(ω−)f∗−(−ω−)e−iω−τ/2dω−)], (A3)
where N =
∫ ∣∣∣fcav(ωp+ω−2 )fcav(ωp−ω−2 )∣∣∣2f−(ω−)×
f∗−(−ω−)dω−. In [58], it was shown that the coincidence
probability is proportional to a cut of the chronocyclic
Wigner distribution at ω− = 0. We can then only par-
tially characterise the state, but the information obtained
is enough to analyse different time-frequency GKP states.
Experimentally we realize the HOM experiment hav-
ing as initial state (44), so that we can observe the effect
of the gate Zˆts . For τ = −τrt/2, the odd peaks of state
(44) gain a negative amplitude, which means that a Zˆts
gate was implemented. This corresponds to the transfor-
mation Zˆts |+¯〉ωs applied to the ideal GKP state, which
means that the physical state is transformed according
to ˜|+¯〉 |+¯〉 → ˜|−¯〉 |+¯〉.
Here, we perform the analytical calculation for the co-
incidence probability of the state, for a high reflectivity
of the cavity and without taking into account the bire-
fringence and the chromatic dispersion. Assuming that
ω/δω  1, we have:
I(2τ) =
1
2
[1− e−τ2δω2/2
d∑
n=−d
αncos(nωτ)], (A4)
where d is the number of peaks, 1N =
1∑d
n=−d αn
and
αn = e
−(ωp2 −nω)2/δω2 . In Fig. 9 (a), (b), we show the
plot of the coincidence probability with arbitrary units
for a cavity with a reflectivity of r = 0.9. The HOM
interference exhibits replica [47], and depending on the
time displacement we perform, we obtain for the signal
photon, the state
∣∣+˜〉
ωs
or
∣∣−˜〉
ωs
. The visibility of the
central dip and the nearest replica are too close to dis-
tinguish the two states, contrary to the experimentally
studied case where low reflectivity and chromatic dis-
persion increase the coincidence probability of the state∣∣−˜〉
ωs
. For a high reflectivity of the cavity, to distinguish
the two orthogonal states, we then have to choose two
replicas away from the central dip.
Appendix B: QUANTUM ERROR CORRECTION
We now consider the situation where the widths of the
phase matching and energy conservation conditions are
finite and the state obtained corresponds to an ellipse in
the JSI plane, as discussed in Section IV. As mentioned,
in this situation we have an entangled GKP state in time.
We can consider that one of the photons, say, idler, plays
the role of the ancilla while the signal one is the data
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(a)
(b)
FIG. 9: (a) Numerical simulation of the HOM experiment
for the two photon state for a highly reflective cavity without
taking into account the birefringence and the chromatic dis-
persion. Coincidence probability as a function of the delay in
units of τrt. Selecting τ = ±τrt/2 performs a Zˆts gate. (b)
Detail of (a).
qubit in a measurement-based circuit as in Fig. 5. We
will thus perform a measurement in the ancilla (frequency
or time measurement) and use the measurement result to
correct the data qubit, as in [4, 42].
1. Correction against temporal shift (MBQC)
The principle of the MBQC is the following: we pre-
pare an entangled GKP state, noisy in time and fre-
quency (Eq. (39)), which can be prepared with a SPDC
source in an optical cavity as shown in the main text.
Then we perform a time or frequency measurement on
the qubit ancilla in a particular basis. Since only the
time noise are entangled (see Eq. (35)), the time mea-
surement provides the information about this displace-
ment see (Fig. 5) .
We then report the same procedures as in [4], assuming
a Dirac distribution for the time and frequency noise and
investigate the influence of the time measurement of the
ancilla on the time noise of the signal.
We start from a separable state, the data (signal)
and the ancilla (idler) are initialized in the frequency
|+〉ωs |+〉ωi state:
|ψ〉 = |+〉ωs |+〉ωi =
∣∣0〉
ts
∣∣0〉
ti
=
∑
n,m∈Z
|nT 〉 |mT 〉 ,
(B1)
with T = 2piτrt. Frequency and time Dirac distribution
noises is assumed for both qubits:∣∣0〉
ts
∣∣0〉
ti
→ Dˆs(t)Dˆi(t′)Dˆs(ω)Dˆi(ω′)
∣∣0〉
ts
∣∣0〉
ti
, (B2)
then time noises are entangled with the Cˆ ′ operation:
Cˆ ′Dˆs(t)Dˆi(t′)Cˆ ′−1Dˆs(ω)Dˆi(ω′)
∣∣0〉
ts
∣∣0〉
ti
= Dˆs( t+ t
′
2
)Dˆi( t− t
′
2
)Dˆs(ω)Dˆi(ω
′)
∣∣0〉
ts
∣∣0〉
ti
=
∑
n,m
einωT eimω
′T
∣∣∣∣nT + t+ t′2
〉 ∣∣∣∣mT + t− t′2
〉
. (B3)
We realize a time measurement on the ancilla (the idler),
let us consider that the detector clicks at time τ , which
can take only the values τ = t−t
′
2 +mT . The initial state
is projected into:
∣∣0〉
ts
→ eiω′(τ− t+t
′
2 )Dˆs( t+ t
′
2
)Dˆs(ω)
∣∣0〉
ts
. (B4)
The temporal shift of the data qubit is entirely deter-
mined by the noise (shift) of the ancilla. The probability
of success is given by |t− t′| < pi2ω , which means the
probability to avoid to fall in another pi2ω time window.
2. Gaussian distribution of the noise
Now we consider that the time and frequency noises
obey a Gaussian distribution. We thus have the state, as
written before Eq. (33):
|ψ〉 = [
∫∫ ∫∫
Gδω(ω)Gδω(ω
′)G1/∆ω−(t)G1/∆ωp(t
′)
×Dˆs( t+ t
′
2
)Dˆi( t− t
′
2
)Dˆs(ω)Dˆi(ω
′)dtdt′dωdω′]
∣∣0〉
ts
∣∣0〉
ti
.
(B5)
We then apply the time and frequency displacement op-
erators on the GKP state:
|ψ〉 =
∫∫ ∫∫
Gδω(ω)Gδω(ω
′)G1/∆ω−(t)G1/∆ωp(t
′)∑
n,m∈Z
einωT eimωT
∣∣∣∣nT + t+ t′2
〉 ∣∣∣∣mT + t− t′2
〉
dtdt′dωdω′.
(B6)
The Joint Temporal Amplitude of the state 〈ts, ti|ψ〉 =
JTA(ts, ti) is a circle whose radius is the frequency width
ω, with elliptical peaks whose half axis are equal to ∆ω−
and ∆ωp, see Fig. 8. In the case where ∆ω−  ∆ωp, the
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JTA associated is a periodic (along t−) set of lines along
t+.
We then perform a time measurement on the ancilla,
a click is detected at time τ that can take the value
τ = mT + t−t
′
2 . The new wavefunction |ψ′〉τ = 〈τ |ψ〉
is, after performing an integration over t and after nor-
malization:
∣∣ψ′〉
τ
=
∫
(
∫∫ ∑
n,m∈Z
eiωnT
G∆ω−(t
′ + 2(τ −mT ))G∆ωp(t′)
G√
∆ω2−+∆ω2p
(2(τ −mT ))
×Gδω(ω′)Gδω(ω)eiω′mT
∣∣(n−m)T + τ + t′)〉dωdt′)dω′.
(B7)
After the time measurement of the ancilla (idler), the
state is projected into a one dimensional GKP state. The
time noise distribution of the signal is updated,
G∆ω−(t
′ + 2(τ −mT ))G∆ωp(t′)
G√
∆ω2−+∆ω2p
(2(τ −mT )) = Gδ(t
′ − tm). (B8)
It is a normal distribution with variance δ2 =
∆ω2−∆ω
2
p
∆ω2−+∆ω2p
and mean value tm =
∆ω2−
∆ω2−+∆ω2p
(τ+mT ). The time noise
of the data depends on both the noises of the ancilla and
the data.
Hence the state can be written as:
|ψ′〉τ =
∑
m∈Z
∫ ∫∫
dωdt′dω′Gδω(ω)Gδ(t′−tm)Gδω(ω′)
× eiω′mT Dˆs(−mT + τ + t′)Dˆs(ω) |+〉ts . (B9)
We point out that for time correlated photons with high
noise in time variables ∆ω−  ∆ωp, the time distribu-
tion of the signal only depends on the noise of the idler,
since δ ∼ ∆ω− and tm = τ +mT . Therefore the analysis
is the same than the previous section. We can under-
stand this noise reduction on Fig.8 as follows: when we
perform a measurement on the t− axis, the signal is pro-
jected into a less noisy state since the updated time dis-
tribution of the signal depends on the time distribution
of the idler. As a consequence, according to (B8), the
state becomes periodic along the t+ direction, since the
time width of each peak becomes ∆ωp (instead of ∆ω−)
which is smaller than 2pi/ω.
Note that, if we had considered an anti-correlated ini-
tial state, error correction would be effective if the signal
photon were detected, instead of the idler one.
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